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How do we efficiently compute 
the gradient over deep 
networks?
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Loss function

• Training dataset of I pairs of input/output examples:

• Loss function or cost function measures how bad model is:

   or for short:

<latexit sha1_base64="aYKJls3gxo4H7A6/dQhUn1+H0GU=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQlJJIUTdC0Y3uKtgHNDFMppN26OTBzEQsIR/hxl9x40IRty7c+TdO0gjaemCGc8+9l3vvcSNGhTSML600N7+wuFRerqysrq1v6JtbbRHGHJMWDlnIuy4ShNGAtCSVjHQjTpDvMtJxRxdZvnNHuKBhcCPHEbF9NAioRzGSSnL0AyuxfCSHrpfcp05C08OfcJyHVvafmeltcpU6etWoGTngLDELUgUFmo7+afVDHPskkJghIXqmEUk7QVxSzEhasWJBIoRHaEB6igbIJ8JO8qNSuKeUPvRCrl4gYa7+7kiQL8TYd1VltrGYzmXif7leLL1TO6FBFEsS4MkgL2ZQhjBzCPYpJ1iysSIIc6p2hXiIOMJS+VhRJpjTJ8+S9lHNPK7Vr+vVxnlhRxnsgF2wD0xwAhrgEjRBC2DwAJ7AC3jVHrVn7U17n5SWtKJnG/yB9vEN+gCgCA==</latexit>

{xi,yi}Ii=1

<latexit sha1_base64="dfENBjZWeBDHyQgIldnakspAK9o=">AAACBnicbVDLSsNAFJ34rPUVdSlCsAiuSiJFXRbduHBRwT4gCWUymTRDJ5kwcyOU0pUbf8WNC0Xc+g3u/BsnbRbaemCYwzn3cu89QcaZAtv+NpaWV1bX1isb1c2t7Z1dc2+/o0QuCW0TwYXsBVhRzlLaBgac9jJJcRJw2g2G14XffaBSMZHewyijfoIHKYsYwaClvnl063EagesFgodqlOjPy2LmSTaIwe+bNbtuT2EtEqckNVSi1Te/vFCQPKEpEI6Vch07A3+MJTDC6aTq5YpmmAzxgLqapjihyh9Pz5hYJ1oJrUhI/VKwpurvjjFOVLGirkwwxGreK8T/PDeH6NIfszTLgaZkNijKuQXCKjKxQiYpAT7SBBPJ9K4WibHEBHRyVR2CM3/yIumc1Z3zeuOuUWtelXFU0CE6RqfIQReoiW5QC7URQY/oGb2iN+PJeDHejY9Z6ZJR9hygPzA+fwAZyJmL</latexit>

L [�] Returns a scalar that is smaller 
when model maps inputs to 
outputs better

<latexit sha1_base64="vQjZHpuyRPHfcav/lLvqCKGaH6I="></latexit>

L[�, f
⇥
xi,�], {xi,yi}Ii=1

⇤
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Gradient descent algorithm

Also notated as ∇!𝐿
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But so far, we looked at simple models that 
were easy to calculate gradients

<latexit sha1_base64="pLx+qdAbuYITIgjVh9BBEOr/ddc="></latexit>

L[�] =
IX

i=1

`i =
IX

i=1

(f[xi,�]� yi)
2

=
IX

i=1

(�0 + �1xi � yi)
2

<latexit sha1_base64="Me4GYclKg9HjjqA15nuwjaNhVig="></latexit>

@L

@�
=

@

@�

IX

i=1

`i =
IX

i=1

@`i
@�

<latexit sha1_base64="IO9SyW0GPrsxQlDBYLjp+jb/KXU="></latexit>

@`i
@�

=

2

4
@`i
@�0

@`i
@�1

3

5 =

"
2(�0 + �1xi � yi)

2xi(�0 + �1xi � yi)

#

For example, linear, 1-
layer models. Least squares loss for 

linear regression

Partial derivative w.r.t. 
each parameter
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What about deep learning models?

<latexit sha1_base64="k/qwGEiv4MxbNO+/hsHXDcOCr9g="></latexit>

h1 = a[�0 +⌦0x]

h2 = a[�1 +⌦1h1]

h3 = a[�2 +⌦2h2]

f[x,�] = �3 +⌦3h3
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We need to compute partial derivatives w.r.t. 
every parameter!

<latexit sha1_base64="JE7fQ4+WZVESdJEBwEOhglbuk/Q="></latexit>

�t+1  � �t � ↵
X

i2Bt

@`i[�t]

@�

<latexit sha1_base64="CgqealUvUgONHeXUaVLIFyDX/KE="></latexit>

L[�] =
IX

i=1

`i =
IX

i=1

l[f[xi,�], yi]

<latexit sha1_base64="Z8pXI1y37lXEeGWnMsH2tezVrhY="></latexit>

@`i
@�k

and
@`i
@⌦k

Loss: sum of individual terms:

SGD Algorithm:

Millions and even billions of 
parameters:

We need the partial derivative with 
respect to every weight and bias we 
want to update for every sample in 
the batch.

𝜙 = {𝛽!, Ω!, 𝛽", Ω", 𝛽#, Ω#, … }	
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Network equation gets unwieldy even for 
small models
• Model equation for 2 hidden layers of 3 units each:

<latexit sha1_base64="yFXKWFAp5/LfGhFiO4YiKSGGOJI="></latexit>

y0 = �00 + �01a [ 10 +  11a[✓10 + ✓11x] +  12a[✓20 + ✓21x] +  13a[✓30 + ✓31x]]

+ �02a[ 20 +  21a[✓10 + ✓11x] +  22a[✓20 + ✓21x] +  23a[✓30 + ✓31x]]

+ �03a[ 30 +  31a[✓10 + ✓11x] +  32a[✓20 + ✓21x] +  33a[✓30 + ✓31x]]

1st hidden layer

2nd hidden layer
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Gradients

• Backpropagation intuition
• Toy model
• Matrix calculus
• Backpropagation matrix forward pass
• Backpropagation matrix backward pass
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<latexit sha1_base64="lgMrqedG/dFQKzS8m4ZszuxYJuE="></latexit>

� = {�0,⌦0,�1,⌦1,�2,⌦2,�3,⌦3}

Problem 1:  Computing gradients

<latexit sha1_base64="JE7fQ4+WZVESdJEBwEOhglbuk/Q="></latexit>

�t+1  � �t � ↵
X

i2Bt

@`i[�t]

@�

<latexit sha1_base64="CgqealUvUgONHeXUaVLIFyDX/KE="></latexit>

L[�] =
IX

i=1

`i =
IX

i=1

l[f[xi,�], yi]

<latexit sha1_base64="Z8pXI1y37lXEeGWnMsH2tezVrhY="></latexit>

@`i
@�k

and
@`i
@⌦k

Loss: sum of individual terms:

SGD Algorithm:

Parameters:

Need to compute gradients
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Algorithm to compute gradient efficiently

• “Backpropagation algorithm”
• Rumelhart, Hinton, and Williams (1986)
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BackProp intuition #1:  the forward pass

• The weight on the orange arrow multiplies activation (ReLU output) of previous layer  
• We want to know how change (partial derivative) w.r.t. orange weight affects loss
• If we double activation in previous layer, weight will have twice the effect
• Conclusion: we need to know the activations at each layer.
• Put another way: we need to evaluate each partial derivatives for each input

Remember! There’s an implied weight 

on every arrow in the diagram
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BackProp intuition #2: the backward pass

To calculate how a small change in a weight or bias feeding into hidden layer 𝐡!modifies 
the loss, we need to know:
• how a change in layer 𝐡! changes the model output 𝐟
• how a change in the model output changes the loss 𝑙
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BackProp intuition #2: the backward pass

To calculate how a small change in a weight or bias feeding into hidden layer 𝐡"modifies 
the loss, we need to know:
• how a change in layer 𝐡" affects 𝐡! 
• how 𝐡! changes the model output 𝐟
• how a change in the model output 𝐟	changes the loss 𝑙

We know this from the 
previous step
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BackProp intuition #2: the backward pass

To calculate how a small change in a weight or bias feeding into hidden layer 𝐡#modifies 
the loss, we need to know:
• how a change in layer 𝐡# affects 𝐡" 
• how a change in layer 𝐡" affects 𝐡! 
• how 𝐡! changes the model output 𝐟
• how a change in the model output 𝐟	changes the loss 𝑙

We know these from the 
previous steps
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Gradients

• Backpropagation intuition
• Toy model
• Matrix calculus
• Backpropagation matrix forward pass
• Backpropagation matrix backward pass
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Toy Network

f 𝑥( , 𝜙 = 𝛽) + 𝜔) ⋅ a 𝛽# + 𝜔# ⋅ a 𝛽" + 𝜔" ⋅ a 𝛽! + 𝜔! ⋅ 𝑥(

ℓ( = 𝑓 𝑥( , 𝜙 − 𝑦( #

𝑥! ℎ" ℎ# ℎ$ 𝑓 ℓ!

𝑦!1 input

3 layers, 1 hidden unit each

ground truth output

h "
=
a[𝛽

%
+ 𝜔

%
⋅ 𝑥 !
]

h #
=
a[𝛽

"
+
𝜔 "
⋅ ℎ "
]

h $
=
a[𝛽

#
+
𝜔 #
⋅ ℎ #
]

f = 𝛽$ + 𝜔$ ⋅ ℎ$

ℓ! = 𝑓 𝑥!, 𝜙 − 𝑦! #
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Gradients of toy function

We want to calculate each partial:

Tells us how a small 
change in 𝛽4 	or 𝜔4 change 
the loss ℓ4  for the ith 
example

<latexit sha1_base64="xKo8apd0WvpzoMJQmihazt3aosY="></latexit>

@`i
@�0

,
@`i
@!0

,
@`i
@�1

,
@`i
@!1

,
@`i
@�2

,
@`i
@!2

,
@`i
@�3

, and
@`i
@!3

f 𝑥( , 𝜙 = 𝛽) + 𝜔) ⋅ a 𝛽# + 𝜔# ⋅ a 𝛽" + 𝜔" ⋅ a 𝛽! + 𝜔! ⋅ 𝑥(

ℓ( = 𝑓 𝑥( , 𝜙 − 𝑦( #
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Toy function

𝑓5 = 𝛽5 + 𝜔5 ⋅ 𝑥 
ℎ6 = a[𝑓5] 
𝑓6 = 𝛽6 + 𝜔6 ⋅ ℎ6 
ℎ7 = a[𝑓6] 

𝑥! ℎ" ℎ# ℎ$ 𝑓$ ℓ!

𝑦!

𝑓% 𝑓" 𝑓#

Pre-Activations
𝑓7 = 𝛽7 + 𝜔7 ⋅ ℎ7 
ℎ8 = a[𝑓7] 
𝑓8 = 𝛽8 + 𝜔8 ⋅ ℎ8 
ℓ4 = 𝑦4 − 𝑓8 7 

Intermediate values
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Refresher: The Chain Rule

For g 𝑥 = ℎ 𝑓 𝑥  

then 𝑔! 𝑥 = ℎ! 𝑓 𝑥 	𝑓! 𝑥 , where 𝑔! 𝑥  is the derivative of g 𝑥 .

Or can be written equivalently as

𝜕𝑔
𝜕𝑥 =

𝜕ℎ
𝜕𝑓

𝜕𝑓
𝜕𝑥

𝑓 ℎ𝑥

Lagrange’s N
otatio

n

Leibniz’s
 Notatio

n

𝑔
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Forward pass

1. Write this as a series of 
intermediate calculations

2. Compute these 
intermediate quantities

f 𝑥( , 𝜙 = 𝛽) + 𝜔) ⋅ a 𝛽# + 𝜔# ⋅ a 𝛽" + 𝜔" ⋅ a 𝛽! + 𝜔! ⋅ 𝑥(

ℓ( = 𝑓 𝑥( , 𝜙 − 𝑦( #

𝑓5 = 𝛽5 + 𝜔5 ⋅ 𝑥4 
ℎ6 = a[𝑓5] 
𝑓6 = 𝛽6 + 𝜔6 ⋅ ℎ6 
ℎ7 = a[𝑓6] 

𝑓7 = 𝛽7 + 𝜔7 ⋅ ℎ7 
ℎ8 = a[𝑓7] 
𝑓8 = 𝛽8 + 𝜔8 ⋅ ℎ8 
ℓ4 = 𝑦4 − 𝑓8 7 
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Backward pass

1. Compute the derivatives 
of the loss with respect to 
these intermediate 
quantities, but in reverse 
order.

<latexit sha1_base64="rq4C8K+oC31Y0b9WL/bB5Has2CA="></latexit>

@`i
@f3

,
@`i
@h3

,
@`i
@f2

,
@`i
@h2

,
@`i
@f1

,
@`i
@h1

, and
@`i
@f0

f 𝑥( , 𝜙 = 𝛽) + 𝜔) ⋅ a 𝛽# + 𝜔# ⋅ a 𝛽" + 𝜔" ⋅ a 𝛽! + 𝜔! ⋅ 𝑥(

ℓ( = 𝑓 𝑥( , 𝜙 − 𝑦( #
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Backward pass

1. Compute the 
derivatives of the loss 
with respect to these 
intermediate quantities, 
but in reverse order.

<latexit sha1_base64="rq4C8K+oC31Y0b9WL/bB5Has2CA="></latexit>

@`i
@f3

,
@`i
@h3

,
@`i
@f2

,
@`i
@h2

,
@`i
@f1

,
@`i
@h1

, and
@`i
@f0

f 𝑥( , 𝜙 = 𝛽) + 𝜔) ⋅ a 𝛽# + 𝜔# ⋅ a 𝛽" + 𝜔" ⋅ a 𝛽! + 𝜔! ⋅ 𝑥(

ℓ( = 𝑓 𝑥( , 𝜙 − 𝑦( #
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Backward pass
1. Compute the 
derivatives of the loss 
with respect to these 
intermediate quantities, 
but in reverse order.

<latexit sha1_base64="4RB5KDkzoRu21HTTppGhVUhQYZU="></latexit>

@`i
@f3

= 2(f3 � yi)

• The first of these 
derivatives is trivial

𝑓5 = 𝛽5 + 𝜔5 ⋅ 𝑥 
ℎ6 = a[𝑓5] 
𝑓6 = 𝛽6 + 𝜔6 ⋅ ℎ6 
ℎ7 = a[𝑓6] 

𝑓7 = 𝛽7 + 𝜔7 ⋅ ℎ7 
ℎ8 = a[𝑓7] 
𝑓8 = 𝛽8 + 𝜔8 ⋅ ℎ8 
ℓ4 = 𝑓8 	− 	𝑦4 7 
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Backward pass
1. Compute the 
derivatives of the loss 
with respect to these 
intermediate quantities, 
but in reverse order.

• The second of these 
derivatives is computed 
via the chain rule

<latexit sha1_base64="sudtOYgkBeUti2xjR/l8LmPz9oM="></latexit>

@`i
@h3

=
@f3
@h3

@`i
@f3

How does a small 
change in	ℎ!	change ℓ$?

𝑓5 = 𝛽5 + 𝜔5 ⋅ 𝑥 
ℎ6 = a[𝑓5] 
𝑓6 = 𝛽6 + 𝜔6 ⋅ ℎ6 
ℎ7 = a[𝑓6] 

𝑓7 = 𝛽7 + 𝜔7 ⋅ ℎ7 
ℎ8 = a[𝑓7] 
𝑓8 = 𝛽8 + 𝜔8 ⋅ ℎ8 
ℓ4 = 𝑦4 − 𝑓8 7 
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Backward pass
1. Compute the 
derivatives of the loss 
with respect to these 
intermediate quantities, 
but in reverse order.

• The second derivative 
is computed via the 
chain rule

<latexit sha1_base64="sudtOYgkBeUti2xjR/l8LmPz9oM="></latexit>

@`i
@h3

=
@f3
@h3

@`i
@f3

How does a small 
change in	𝑓$	change ℓ!?

How does a small 
change in	ℎ$	change f3?

How does a small 
change in	ℎ$	change ℓ!?

𝑓% = 𝛽% + 𝜔% ⋅ 𝑥 
ℎ& = a[𝑓%] 
𝑓& = 𝛽& + 𝜔& ⋅ ℎ& 
ℎ' = a[𝑓&] 

𝑓' = 𝛽' + 𝜔' ⋅ ℎ' 
ℎ( = a[𝑓'] 
𝑓( = 𝛽( + 𝜔( ⋅ ℎ( 
ℓ) = 𝑦) − 𝑓( ' 
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Backward pass
1. Compute the 
derivatives of the loss 
with respect to these 
intermediate quantities, 
but in reverse order.

• The second of these 
derivatives is computed 
via the chain rule

<latexit sha1_base64="sudtOYgkBeUti2xjR/l8LmPz9oM="></latexit>

@`i
@h3

=
@f3
@h3

@`i
@f3

Already computed!

𝑓% = 𝛽% + 𝜔% ⋅ 𝑥 
ℎ& = a[𝑓%] 
𝑓& = 𝛽& + 𝜔& ⋅ ℎ& 
ℎ' = a[𝑓&] 

𝑓' = 𝛽' + 𝜔' ⋅ ℎ' 
ℎ( = a[𝑓'] 
𝑓( = 𝛽( + 𝜔( ⋅ ℎ( 
ℓ) = 𝑦) − 𝑓( ' 
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Backward pass
1. Compute the 
derivatives of the loss 
with respect to these 
intermediate quantities, 
but in reverse order.

• The remaining 
derivatives also 
calculated by further 
use of chain rule

<latexit sha1_base64="jJl+XpmdZFW1B/yC01sXVjP7mZg="></latexit>

@`i
@f2

=
@h3

@f2

✓
@f3
@h3

@`i
@f3

◆

@`i
@h2

=
@f2
@h2

✓
@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@f1

=
@h2

@f1

✓
@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@h1

=
@f1
@h1

✓
@h2

@f1

@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@f0

=
@h1

@f0

✓
@f1
@h1

@h2

@f1

@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

𝑓% = 𝛽% + 𝜔% ⋅ 𝑥 
ℎ& = a[𝑓%] 
𝑓& = 𝛽& + 𝜔& ⋅ ℎ& 
ℎ' = a[𝑓&] 

𝑓' = 𝛽' + 𝜔' ⋅ ℎ' 
ℎ( = a[𝑓'] 
𝑓( = 𝛽( + 𝜔( ⋅ ℎ( 
ℓ) = 𝑦) − 𝑓( ' 
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Backward pass
1. Compute the 
derivatives of the loss 
with respect to these 
intermediate quantities, 
but in reverse order.

• The remaining 
derivatives also 
calculated by further 
use of chain rule

<latexit sha1_base64="jJl+XpmdZFW1B/yC01sXVjP7mZg="></latexit>

@`i
@f2

=
@h3

@f2

✓
@f3
@h3

@`i
@f3

◆

@`i
@h2

=
@f2
@h2

✓
@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@f1

=
@h2

@f1

✓
@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@h1

=
@f1
@h1

✓
@h2

@f1

@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@f0

=
@h1

@f0

✓
@f1
@h1

@h2

@f1

@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

Already computed!

𝑓% = 𝛽% + 𝜔% ⋅ 𝑥 
ℎ& = a[𝑓%] 
𝑓& = 𝛽& + 𝜔& ⋅ ℎ& 
ℎ' = a[𝑓&] 

𝑓' = 𝛽' + 𝜔' ⋅ ℎ' 
ℎ( = a[𝑓'] 
𝑓( = 𝛽( + 𝜔( ⋅ ℎ( 
ℓ) = 𝑦) − 𝑓( ' 
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Backward pass
1. Compute the 
derivatives of the loss 
with respect to these 
intermediate quantities, 
but in reverse order.

• The remaining 
derivatives also 
calculated by further 
use of chain rule

<latexit sha1_base64="jJl+XpmdZFW1B/yC01sXVjP7mZg="></latexit>

@`i
@f2

=
@h3

@f2

✓
@f3
@h3

@`i
@f3

◆

@`i
@h2

=
@f2
@h2

✓
@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@f1

=
@h2

@f1

✓
@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@h1

=
@f1
@h1

✓
@h2

@f1

@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@f0

=
@h1

@f0

✓
@f1
@h1

@h2

@f1

@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

𝑓% = 𝛽% + 𝜔% ⋅ 𝑥 
ℎ& = a[𝑓%] 
𝑓& = 𝛽& + 𝜔& ⋅ ℎ& 
ℎ' = a[𝑓&] 

𝑓' = 𝛽' + 𝜔' ⋅ ℎ' 
ℎ( = a[𝑓'] 
𝑓( = 𝛽( + 𝜔( ⋅ ℎ( 
ℓ) = 𝑦) − 𝑓( ' 

30
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Backward pass
1. Compute the 
derivatives of the loss 
with respect to these 
intermediate quantities, 
but in reverse order.

• The remaining 
derivatives also 
calculated by further 
use of chain rule

<latexit sha1_base64="jJl+XpmdZFW1B/yC01sXVjP7mZg="></latexit>

@`i
@f2

=
@h3

@f2

✓
@f3
@h3

@`i
@f3

◆

@`i
@h2

=
@f2
@h2

✓
@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@f1

=
@h2

@f1

✓
@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@h1

=
@f1
@h1

✓
@h2

@f1

@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@f0

=
@h1

@f0

✓
@f1
@h1

@h2

@f1

@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

𝑓% = 𝛽% + 𝜔% ⋅ 𝑥 
ℎ& = a[𝑓%] 
𝑓& = 𝛽& + 𝜔& ⋅ ℎ& 
ℎ' = a[𝑓&] 

𝑓' = 𝛽' + 𝜔' ⋅ ℎ' 
ℎ( = a[𝑓'] 
𝑓( = 𝛽( + 𝜔( ⋅ ℎ( 
ℓ) = 𝑦) − 𝑓( ' 
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Backward pass
1. Compute the 
derivatives of the loss 
with respect to these 
intermediate quantities, 
but in reverse order.

• The remaining 
derivatives also 
calculated by further 
use of chain rule

<latexit sha1_base64="jJl+XpmdZFW1B/yC01sXVjP7mZg="></latexit>

@`i
@f2

=
@h3

@f2

✓
@f3
@h3

@`i
@f3

◆

@`i
@h2

=
@f2
@h2

✓
@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@f1

=
@h2

@f1

✓
@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@h1

=
@f1
@h1

✓
@h2

@f1

@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@f0

=
@h1

@f0

✓
@f1
@h1

@h2

@f1

@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

𝑓% = 𝛽% + 𝜔% ⋅ 𝑥 
ℎ& = a[𝑓%] 
𝑓& = 𝛽& + 𝜔& ⋅ ℎ& 
ℎ' = a[𝑓&] 

𝑓' = 𝛽' + 𝜔' ⋅ ℎ' 
ℎ( = a[𝑓'] 
𝑓( = 𝛽( + 𝜔( ⋅ ℎ( 
ℓ) = 𝑦) − 𝑓( ' 
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Backward pass
1. Compute the 
derivatives of the loss 
with respect to these 
intermediate quantities, 
but in reverse order.

• The remaining 
derivatives also 
calculated by further 
use of chain rule

<latexit sha1_base64="jJl+XpmdZFW1B/yC01sXVjP7mZg="></latexit>

@`i
@f2

=
@h3

@f2

✓
@f3
@h3

@`i
@f3

◆

@`i
@h2

=
@f2
@h2

✓
@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@f1

=
@h2

@f1

✓
@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@h1

=
@f1
@h1

✓
@h2

@f1

@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@f0

=
@h1

@f0

✓
@f1
@h1

@h2

@f1

@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

<latexit sha1_base64="sudtOYgkBeUti2xjR/l8LmPz9oM="></latexit>

@`i
@h3

=
@f3
@h3

@`i
@f3

<latexit sha1_base64="4RB5KDkzoRu21HTTppGhVUhQYZU="></latexit>

@`i
@f3

= 2(f3 � yi)
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Backward pass
1. Compute the 
derivatives of the loss 
with respect to these 
intermediate quantities, 
but in reverse order.

• The remaining 
derivatives also 
calculated by further use 
of chain rule

<latexit sha1_base64="jJl+XpmdZFW1B/yC01sXVjP7mZg="></latexit>

@`i
@f2

=
@h3

@f2

✓
@f3
@h3

@`i
@f3

◆

@`i
@h2

=
@f2
@h2

✓
@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@f1

=
@h2

@f1

✓
@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@h1

=
@f1
@h1

✓
@h2

@f1

@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@f0

=
@h1

@f0

✓
@f1
@h1

@h2

@f1

@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

<latexit sha1_base64="sudtOYgkBeUti2xjR/l8LmPz9oM="></latexit>

@`i
@h3

=
@f3
@h3

@`i
@f3

<latexit sha1_base64="4RB5KDkzoRu21HTTppGhVUhQYZU="></latexit>

@`i
@f3

= 2(f3 � yi)
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We extend this to get to the 
parameters 𝜔’s and 𝛽’s

35



Backward pass
2. Find how the loss 
changes as a function of 
the parameters b and w.

<latexit sha1_base64="8HDOzmvyHVVJjcXRYBy6FB0LVX0="></latexit>

@`i
@�k

=
@fk
@�k

@`i
@fk

@`i
@!k

=
@fk
@!k

@`i
@fk

• Another application 
of the chain rule

How does a small 
change in	𝑓(	change 𝑙!?

How does a small 
change in	wk change	𝑓(?

How does a small 
change in	wk change 𝑙!?

𝑓% = 𝛽% + 𝜔% ⋅ 𝑥 
ℎ& = a[𝑓%] 
𝑓& = 𝛽& + 𝜔& ⋅ ℎ& 
ℎ' = a[𝑓&] 

𝑓' = 𝛽' + 𝜔' ⋅ ℎ' 
ℎ( = a[𝑓'] 
𝑓( = 𝛽( + 𝜔( ⋅ ℎ( 
ℓ) = 𝑦) − 𝑓( ' 
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Backward pass
2. Find how the loss 
changes as a function of 
the parameters b and w.

<latexit sha1_base64="8HDOzmvyHVVJjcXRYBy6FB0LVX0="></latexit>

@`i
@�k

=
@fk
@�k

@`i
@fk

@`i
@!k

=
@fk
@!k

@`i
@fk

• Another application 
of the chain rule

Already calculated in 
part 1.

,-%
,.%

= ℎ/ How does a small 
change in	wk change 𝑙$?

𝑓% = 𝛽% + 𝜔% ⋅ 𝑥 
ℎ& = a[𝑓%] 
𝑓& = 𝛽& + 𝜔& ⋅ ℎ& 
ℎ' = a[𝑓&] 

𝑓' = 𝛽' + 𝜔' ⋅ ℎ' 
ℎ( = a[𝑓'] 
𝑓( = 𝛽( + 𝜔( ⋅ ℎ( 
ℓ) = 𝑦) − 𝑓( ' 

37

We have from the 
forward pass.



Backward pass
2. Find how the loss 
changes as a function of 
the parameters b and w.

<latexit sha1_base64="8HDOzmvyHVVJjcXRYBy6FB0LVX0="></latexit>

@`i
@�k

=
@fk
@�k

@`i
@fk

@`i
@!k

=
@fk
@!k

@`i
@fk

• Another application of 
the chain rule

• Similarly for b 
parameters

<latexit sha1_base64="8HDOzmvyHVVJjcXRYBy6FB0LVX0="></latexit>

@`i
@�k

=
@fk
@�k

@`i
@fk

@`i
@!k

=
@fk
@!k

@`i
@fk

𝑓% = 𝛽% + 𝜔% ⋅ 𝑥 
ℎ& = a[𝑓%] 
𝑓& = 𝛽& + 𝜔& ⋅ ℎ& 
ℎ' = a[𝑓&] 

𝑓' = 𝛽' + 𝜔' ⋅ ℎ' 
ℎ( = a[𝑓'] 
𝑓( = 𝛽( + 𝜔( ⋅ ℎ( 
ℓ) = 𝑦) − 𝑓( ' 

1 38



Backward pass
2. Find how the loss 
changes as a function of 
the parameters b and w.

𝑓% = 𝛽% + 𝜔% ⋅ 𝑥 
ℎ& = a[𝑓%] 
𝑓& = 𝛽& + 𝜔& ⋅ ℎ& 
ℎ' = a[𝑓&] 

𝑓' = 𝛽' + 𝜔' ⋅ ℎ' 
ℎ( = a[𝑓'] 
𝑓( = 𝛽( + 𝜔( ⋅ ℎ( 
ℓ) = 𝑦) − 𝑓( ' 
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Which statement best describes the 
purpose of backpropagation in 
training a neural network?

Please download and install the Slido 
app on all computers you use

ⓘ Start presenting to display the poll results on this slide.
40



Gradients

• Backpropagation intuition
• Toy model
• Matrix calculus
• Backpropagation matrix forward pass
• Backpropagation matrix backward pass

41



Matrix calculus

<latexit sha1_base64="mfEFVtCS3NwDcfGp1x/Vcf8tZys="></latexit>

a =

2

664

a1
a2
a3
a4

3

775

<latexit sha1_base64="sBVI6wX86kODo9XRrTkpDSEFUDI="></latexit>

@f

@a
=

2

6666664

@f
@a1

@f
@a2

@f
@a3

@f
@a4

3

7777775

Scalar function 𝑓 ⋅  of a vector 𝐚

The derivative is a vector of shape 𝐚
42



Matrix calculus

<latexit sha1_base64="M1rHZ1aEGtiEuf+2w5KoKtvAJD4=">AAAW9XiclZhbU9tGFMdN2rRp2iaknfLSF02ZdDqdxIOBXl46k0DIDVJMwEDAxLOSV/KG1UroAnY0/ih9 </latexit>

A =

2

664

a11 a12 a13
a21 a22 a23
a31 a32 a33
a41 a42 a43

3

775

<latexit sha1_base64="IO/lnioei3wiEDVhi/74wEu77W8="></latexit>

@f

@A
=

2

66666664

@f
@a11

@f
@a12

@f
@a13

@f
@a21

@f
@a22

@f
@a23

@f
@a31

@f
@a32

@f
@a33

@f
@a41

@f
@a42

@f
@a43

3

77777775

For a scalar function 𝑓 ⋅  of a matrix 𝐀

The partial derivative is a matrix of shape same as 𝐀
43



Matrix calculus

<latexit sha1_base64="mfEFVtCS3NwDcfGp1x/Vcf8tZys="></latexit>

a =

2

664

a1
a2
a3
a4

3

775

<latexit sha1_base64="0X5PXmVPHjvZgxYItzfAjtfWv9c="></latexit>

f =

2

4
f1
f2
f3

3

5

<latexit sha1_base64="BFfEMn6FpZwTaPuSgXnrJTcRZno="></latexit>

@f

@a
=

2

6664

@f1
@a1

@f2
@a1

@f3
@a1

@f1
@a2

@f2
@a2

@f3
@a2

@f1
@a3

@f2
@a3

@f3
@a3

@f1
@a4

@f2
@a4

@f4
@a4

3

7775

Vector function 𝐟 ⋅  of a vector 𝐚

Vector of scalar 
valued functions

Columns are each 
element function

Rows are each 
variable element
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Comparing vector and matrix

<latexit sha1_base64="01mL45S06AQER0RcdbdW3dUlIpw="></latexit>

f0 = �0 + !0x

h1 = sin[f0]

f1 = �1 + !1h1

h2 = exp[f1]

f2 = �2 + !2h2

h3 = cos[f2]

f3 = �3 + !3h3

h4 = log[f3]

y = �4 + !4h4

Scalar derivatives:
<latexit sha1_base64="UL2kuIrH0fwcv78EJSVz1qpcjbU="></latexit>

@f3
@h3

=
@

@h3
(�3 + !3h3) = !3
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Comparing vector and matrix

<latexit sha1_base64="01mL45S06AQER0RcdbdW3dUlIpw="></latexit>

f0 = �0 + !0x

h1 = sin[f0]

f1 = �1 + !1h1

h2 = exp[f1]

f2 = �2 + !2h2

h3 = cos[f2]

f3 = �3 + !3h3

h4 = log[f3]

y = �4 + !4h4

<latexit sha1_base64="g1XiOW07MVqJywqqEv+mr3kkz7w="></latexit>

f0 = �0 +⌦0xi

h1 = a[f0]

f1 = �1 +⌦1h1

h2 = a[f1]

f2 = �2 +⌦2h2

h3 = a[f2]

f3 = �3 +⌦3h3

`i = l[f3, yi]

Scalar derivatives:

Matrix derivatives:
<latexit sha1_base64="V3CYFDq4r+PwPuPiQT3UunDjVrg="></latexit>

@f3
@h3

=
@

@h3
(�3 +⌦3h3) = ⌦T

3

<latexit sha1_base64="UL2kuIrH0fwcv78EJSVz1qpcjbU="></latexit>

@f3
@h3

=
@

@h3
(�3 + !3h3) = !3
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Comparing vector and matrix

<latexit sha1_base64="01mL45S06AQER0RcdbdW3dUlIpw="></latexit>

f0 = �0 + !0x

h1 = sin[f0]

f1 = �1 + !1h1

h2 = exp[f1]

f2 = �2 + !2h2

h3 = cos[f2]

f3 = �3 + !3h3

h4 = log[f3]

y = �4 + !4h4

<latexit sha1_base64="g1XiOW07MVqJywqqEv+mr3kkz7w="></latexit>

f0 = �0 +⌦0xi

h1 = a[f0]

f1 = �1 +⌦1h1

h2 = a[f1]

f2 = �2 +⌦2h2

h3 = a[f2]

f3 = �3 +⌦3h3

`i = l[f3, yi]

Scalar derivatives:

Matrix derivatives:

<latexit sha1_base64="/x7p9Rpc72xxRw18nLLvEnH/fdg="></latexit>

@f3
@�3

=
@

@!3
�3 + !3h3 = 1

<latexit sha1_base64="1XwlPuZS2VTaACUSuS8Tb9Ldi8U="></latexit>

@f3
@�3

=
@

@�3
(�3 +⌦3h3) = I
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Gradients

• Backpropagation intuition
• Toy model
• Matrix calculus
• Backpropagation matrix forward pass
• Backpropagation matrix backward pass

48



The forward pass

<latexit sha1_base64="g1XiOW07MVqJywqqEv+mr3kkz7w="></latexit>

f0 = �0 +⌦0xi

h1 = a[f0]

f1 = �1 +⌦1h1

h2 = a[f1]

f2 = �2 +⌦2h2

h3 = a[f2]

f3 = �3 +⌦3h3

`i = l[f3, yi]

1. Write this as a series of 
intermediate calculations

𝐟%
𝐟& 𝐟' 𝐟(

𝐡&
𝐡' 𝐡(
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The forward pass

<latexit sha1_base64="g1XiOW07MVqJywqqEv+mr3kkz7w="></latexit>

f0 = �0 +⌦0xi

h1 = a[f0]

f1 = �1 +⌦1h1

h2 = a[f1]

f2 = �2 +⌦2h2

h3 = a[f2]

f3 = �3 +⌦3h3

`i = l[f3, yi]

1. Write this as a series of 
intermediate calculations

2. Compute these 
intermediate quantities

𝐟%
𝐟& 𝐟' 𝐟(

𝐡&
𝐡' 𝐡(
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Gradients

• Backpropagation intuition
• Toy model
• Matrix calculus
• Backpropagation matrix forward pass
• Backpropagation matrix backward pass

51



The backward pass

<latexit sha1_base64="g1XiOW07MVqJywqqEv+mr3kkz7w="></latexit>

f0 = �0 +⌦0xi

h1 = a[f0]

f1 = �1 +⌦1h1

h2 = a[f1]

f2 = �2 +⌦2h2

h3 = a[f2]

f3 = �3 +⌦3h3

`i = l[f3, yi]

<latexit sha1_base64="BZypoYz/Da//RHUFJTymnEPT+04="></latexit>

@`i
@f2

=
@h3

@f2

@f3
@h3

@`i
@f3

1. Write this as a series of 
intermediate calculations

2. Compute these 
intermediate quantities

3. Take derivatives of 
output with respect to 
intermediate quantities

<latexit sha1_base64="4CBrqWxMv9p5w4tTB6HKgiX37+Q="></latexit>

@`i
@f1

=
@h2

@f1

@f2
@h2

✓
@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@f0

=
@h1

@f0

@f1
@h1

✓
@h2

@f1

@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

<latexit sha1_base64="BZypoYz/Da//RHUFJTymnEPT+04="></latexit>

@`i
@f2

=
@h3

@f2

@f3
@h3

@`i
@f3

𝐟%
𝐟& 𝐟' 𝐟(

𝐡&
𝐡' 𝐡(
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The backward pass

<latexit sha1_base64="g1XiOW07MVqJywqqEv+mr3kkz7w="></latexit>

f0 = �0 +⌦0xi

h1 = a[f0]

f1 = �1 +⌦1h1

h2 = a[f1]

f2 = �2 +⌦2h2

h3 = a[f2]

f3 = �3 +⌦3h3

`i = l[f3, yi]

<latexit sha1_base64="BZypoYz/Da//RHUFJTymnEPT+04="></latexit>

@`i
@f2

=
@h3

@f2

@f3
@h3

@`i
@f3

1. Write this as a series of 
intermediate calculations

2. Compute these 
intermediate quantities

3. Take derivatives of 
output with respect to 
intermediate quantities

<latexit sha1_base64="4CBrqWxMv9p5w4tTB6HKgiX37+Q="></latexit>

@`i
@f1

=
@h2

@f1

@f2
@h2

✓
@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@f0

=
@h1

@f0

@f1
@h1

✓
@h2

@f1

@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

<latexit sha1_base64="BZypoYz/Da//RHUFJTymnEPT+04="></latexit>

@`i
@f2

=
@h3

@f2

@f3
@h3

@`i
@f3

𝐟%
𝐟& 𝐟' 𝐟(

𝐡&
𝐡' 𝐡(
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• But:

• Quite similar to:

<latexit sha1_base64="V3CYFDq4r+PwPuPiQT3UunDjVrg="></latexit>

@f3
@h3

=
@

@h3
(�3 +⌦3h3) = ⌦T

3

<latexit sha1_base64="yZBKTnT7qspEL36MxtIKQ+8n3t8="></latexit>

@f3
@h3

=
@

@h3
(�3 + !3h3) = !3
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The backward pass

<latexit sha1_base64="g1XiOW07MVqJywqqEv+mr3kkz7w="></latexit>

f0 = �0 +⌦0xi

h1 = a[f0]

f1 = �1 +⌦1h1

h2 = a[f1]

f2 = �2 +⌦2h2

h3 = a[f2]

f3 = �3 +⌦3h3

`i = l[f3, yi]

<latexit sha1_base64="BZypoYz/Da//RHUFJTymnEPT+04="></latexit>

@`i
@f2

=
@h3

@f2

@f3
@h3

@`i
@f3

1. Write this as a series of 
intermediate calculations

2. Compute these 
intermediate quantities

3. Take derivatives of 
output with respect to 
intermediate quantities

<latexit sha1_base64="4CBrqWxMv9p5w4tTB6HKgiX37+Q="></latexit>

@`i
@f1

=
@h2

@f1

@f2
@h2

✓
@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@f0

=
@h1

@f0

@f1
@h1

✓
@h2

@f1

@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

<latexit sha1_base64="BZypoYz/Da//RHUFJTymnEPT+04="></latexit>
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The backward pass

<latexit sha1_base64="g1XiOW07MVqJywqqEv+mr3kkz7w="></latexit>

f0 = �0 +⌦0xi

h1 = a[f0]

f1 = �1 +⌦1h1

h2 = a[f1]

f2 = �2 +⌦2h2

h3 = a[f2]

f3 = �3 +⌦3h3

`i = l[f3, yi]
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1. Write this as a series of 
intermediate calculations

2. Compute these 
intermediate quantities

3. Take derivatives of 
output with respect to 
intermediate quantities
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Derivative of ReLU

57



Derivative of ReLU

Vector Indicator function:
Vector containing ones 
where 𝑧 > 0 and zeros 
elsewhere.

ReLU 𝑧 = max(0, 𝑧)

𝜕ReLU[𝑧]
𝜕𝑧

= 𝕀[𝑧 > 0]
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The backward pass

<latexit sha1_base64="g1XiOW07MVqJywqqEv+mr3kkz7w="></latexit>

f0 = �0 +⌦0xi

h1 = a[f0]

f1 = �1 +⌦1h1

h2 = a[f1]

f2 = �2 +⌦2h2

h3 = a[f2]

f3 = �3 +⌦3h3

`i = l[f3, yi]

<latexit sha1_base64="BZypoYz/Da//RHUFJTymnEPT+04="></latexit>

@`i
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=
@h3

@f2

@f3
@h3

@`i
@f3

1. Write this as a series of 
intermediate calculations

2. Compute these 
intermediate quantities

3. Take derivatives of 
output with respect to 
intermediate quantities

<latexit sha1_base64="4CBrqWxMv9p5w4tTB6HKgiX37+Q="></latexit>

@`i
@f1

=
@h2

@f1

@f2
@h2

✓
@h3

@f2

@f3
@h3

@`i
@f3

◆

@`i
@f0

=
@h1

@f0

@f1
@h1

✓
@h2

@f1

@f2
@h2

@h3

@f2

@f3
@h3

@`i
@f3

◆

<latexit sha1_base64="BZypoYz/Da//RHUFJTymnEPT+04="></latexit>
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The backward pass

<latexit sha1_base64="g1XiOW07MVqJywqqEv+mr3kkz7w="></latexit>

f0 = �0 +⌦0xi

h1 = a[f0]

f1 = �1 +⌦1h1

h2 = a[f1]

f2 = �2 +⌦2h2

h3 = a[f2]

f3 = �3 +⌦3h3

`i = l[f3, yi]

1. Write this as a series of 
intermediate calculations

2. Compute these 
intermediate quantities

3. Take derivatives of 
output with respect to 
intermediate quantities

4. Take derivatives w.r.t.
parameters

<latexit sha1_base64="hz6tenqe5IWv9gUCVmB+AIbrj2w="></latexit>
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The backward pass

<latexit sha1_base64="g1XiOW07MVqJywqqEv+mr3kkz7w="></latexit>

f0 = �0 +⌦0xi

h1 = a[f0]

f1 = �1 +⌦1h1

h2 = a[f1]

f2 = �2 +⌦2h2

h3 = a[f2]

f3 = �3 +⌦3h3

`i = l[f3, yi]

1. Write this as a series of 
intermediate calculations

2. Compute these 
intermediate quantities

3. Take derivatives of 
output with respect to 
intermediate quantities

4. Take derivatives w.r.t.
parameters

<latexit sha1_base64="Efnr2HehvClZo1HJZRLxjYK4pOI="></latexit>
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63

In the matrix form of backpropagation, what is the primary role 
of the Jacobian (or derivative matrices) during the backward 
pass?

The Slido app must be installed on every computer you’re presenting from

Do not edit

How to change the design

https://www.slido.com/powerpoint-polling?utm_source=powerpoint&utm_medium=placeholder-slide
https://www.slido.com/support/ppi/how-to-change-the-design
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What is the primary purpose of the 
loss function during neural network 
training?

The Slido app must be installed on every computer you’re presenting from

Do not edit

How to change the design

https://www.slido.com/powerpoint-polling?utm_source=powerpoint&utm_medium=placeholder-slide
https://www.slido.com/support/ppi/how-to-change-the-design
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During the forward pass, why must we 
store activations at every layer?

The Slido app must be installed on every computer you’re presenting from

Do not edit

How to change the design

https://www.slido.com/powerpoint-polling?utm_source=powerpoint&utm_medium=placeholder-slide
https://www.slido.com/support/ppi/how-to-change-the-design


66

Why is the chain rule essential for 
backpropagation?

The Slido app must be installed on every computer you’re presenting from

Do not edit

How to change the design

https://www.slido.com/powerpoint-polling?utm_source=powerpoint&utm_medium=placeholder-slide
https://www.slido.com/support/ppi/how-to-change-the-design
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What is the derivative of the ReLU 
activation function?

The Slido app must be installed on every computer you’re presenting from

Do not edit

How to change the design

https://www.slido.com/powerpoint-polling?utm_source=powerpoint&utm_medium=placeholder-slide
https://www.slido.com/support/ppi/how-to-change-the-design


Gradients

• Backpropagation intuition
• Toy model
• Matrix calculus
• Backpropagation matrix forward pass
• Backpropagation matrix backward pass
• Matrix backprop summary
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Pros and cons

• Extremely efficient
• Only need matrix multiplication and thresholding for ReLU functions

• Memory hungry – must store all the intermediate quantities
• Sequential

• can process multiple batches in parallel
• but things get harder if the whole model doesn’t fit on one machine.
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More practice

• You’ll get to practice the concepts here in the homework notebooks.

• For another tutorial that mimics the PyTorch autograd notation is 
Andrej Karpathy’s Micrograd Tutorial

70

https://youtu.be/VMj-3S1tku0?si=Kqg8UAz2p0SZmesW
https://youtu.be/VMj-3S1tku0?si=Kqg8UAz2p0SZmesW
https://youtu.be/VMj-3S1tku0?si=Kqg8UAz2p0SZmesW
https://youtu.be/VMj-3S1tku0?si=Kqg8UAz2p0SZmesW


Feedback?
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https://forms.gle/pXHM5nx1Ti9aFmpw6 

https://forms.gle/pXHM5nx1Ti9aFmpw6

