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Recap

• So far, we talked about linear regression, shallow neural networks and 
deep neural networks
• Each have parameters, 𝜙, that we want to choose for a best possible 

mapping between input and output training data
• A loss function or cost function, 𝐿[𝜙], returns a single number that 

describes a mismatch between 𝑓[𝑥! , 𝜙]and the ground truth outputs, 
𝑦!.
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We need to find a loss function 
that works with…
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Univariate and Multivariate Regression

Depth Map
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Binary Classification
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Multiclass Classification
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So far, we thought about 
fitting a model to the data…
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Alternatively, we can think about 
fitting a probability model to the 
data.

Pr(𝑦|𝑥 = 2.8)

Why?
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Alternatively, we can think about 
fitting a probability model to the 
data.

Pr(𝑦|𝑥 = 2.8)

Why?

Because this provides a framework 
to build loss functions for other 
prediction types…
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Alternatively, we can think about 
fitting a probability model to the 
data.

Pr(𝑦|𝑥 = 2.8)

Why?

Because this provides a framework 
to build loss functions for other 
prediction types…

… and justifies least squares for 
real-valued regression models.
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Brief Probability Review

• Random variables, e.g. 𝑥 and 𝑦
• Pr 𝑥  is a probability distribution over 𝑥
• 0 ≤ Pr 𝑥 ≤ 1
• ∫" Pr 𝑥 𝑑𝑥 = 1  or  ∑! Pr 𝑥! = 1
• Pr 𝑥, 𝑦 = Pr 𝑥 ⋅ Pr(𝑦) when 𝑥 and 𝑦 are independent
• Pr 𝑥	 𝑦) Pr 𝑦 = Pr 𝑥, 𝑦 = Pr 𝑦	 𝑥)	Pr(𝑥)
• And…
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See Understanding Deep Learning, Appendix C for more probability review 



Joint and Marginal Probability Distributions
Joint Distribution

Marginal distribution

Pr 𝑦 = %
!
Pr 𝑥, 𝑦 𝑑𝑥

Marginal distribution

Pr 𝑥 = %
"
Pr 𝑥, 𝑦 𝑑𝑦
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Conditional Probabilities

!
)
Pr 𝑥	 𝑦 = 3.0)	𝑑𝑥 = 1

!
)
Pr 𝑥	 𝑦 = −1.0)	𝑑𝑥 = 1
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Continuous
Pr(𝑦|𝑥 = 2.5)
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Continuous
Pr(𝑦|𝑥 = 4.8)
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Continuous
Pr(𝑦|𝑥 = 7.5)
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Continuous
Pr(𝑦|𝑥 = 10.5)
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Continuous
Pr(𝑦|𝑥 = 13.2)
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0 1

Discrete
Pr(𝑦|𝑥 = 250)
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0 1

Discrete
Pr(𝑦|𝑥 = 610)
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0 1

Discrete
Pr(𝑦|𝑥 = 980)
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0 1

Discrete
Pr(𝑦|𝑥 = 1220)
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0 1

Discrete
Pr(𝑦|𝑥 = 1750)
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Discrete
Pr(𝑦|𝑥 = 0.35)
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Discrete
Pr(𝑦|𝑥 = .55)
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Discrete
Pr(𝑦|𝑥 = 0.85)
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Discrete
Pr(𝑦|𝑥 = 1.35)
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Loss function

• Training dataset of I pairs of input/output examples:

• Loss function or cost function measures how bad model is:

   or for short:

<latexit sha1_base64="aYKJls3gxo4H7A6/dQhUn1+H0GU=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQlJJIUTdC0Y3uKtgHNDFMppN26OTBzEQsIR/hxl9x40IRty7c+TdO0gjaemCGc8+9l3vvcSNGhTSML600N7+wuFRerqysrq1v6JtbbRHGHJMWDlnIuy4ShNGAtCSVjHQjTpDvMtJxRxdZvnNHuKBhcCPHEbF9NAioRzGSSnL0AyuxfCSHrpfcp05C08OfcJyHVvafmeltcpU6etWoGTngLDELUgUFmo7+afVDHPskkJghIXqmEUk7QVxSzEhasWJBIoRHaEB6igbIJ8JO8qNSuKeUPvRCrl4gYa7+7kiQL8TYd1VltrGYzmXif7leLL1TO6FBFEsS4MkgL2ZQhjBzCPYpJ1iysSIIc6p2hXiIOMJS+VhRJpjTJ8+S9lHNPK7Vr+vVxnlhRxnsgF2wD0xwAhrgEjRBC2DwAJ7AC3jVHrVn7U17n5SWtKJnG/yB9vEN+gCgCA==</latexit>

{xi,yi}Ii=1

<latexit sha1_base64="hEz86CO3UCw8TPROwDlyfIH4Vs8="></latexit>

L
h
�, f[x,�]

| {z }
model

, {xi,yi}Ii=1

| {z }
train data

i
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Loss function

• Training dataset of I pairs of input/output examples:

• Loss function or cost function measures how bad model is:

   or for short:

<latexit sha1_base64="aYKJls3gxo4H7A6/dQhUn1+H0GU=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQlJJIUTdC0Y3uKtgHNDFMppN26OTBzEQsIR/hxl9x40IRty7c+TdO0gjaemCGc8+9l3vvcSNGhTSML600N7+wuFRerqysrq1v6JtbbRHGHJMWDlnIuy4ShNGAtCSVjHQjTpDvMtJxRxdZvnNHuKBhcCPHEbF9NAioRzGSSnL0AyuxfCSHrpfcp05C08OfcJyHVvafmeltcpU6etWoGTngLDELUgUFmo7+afVDHPskkJghIXqmEUk7QVxSzEhasWJBIoRHaEB6igbIJ8JO8qNSuKeUPvRCrl4gYa7+7kiQL8TYd1VltrGYzmXif7leLL1TO6FBFEsS4MkgL2ZQhjBzCPYpJ1iysSIIc6p2hXiIOMJS+VhRJpjTJ8+S9lHNPK7Vr+vVxnlhRxnsgF2wD0xwAhrgEjRBC2DwAJ7AC3jVHrVn7U17n5SWtKJnG/yB9vEN+gCgCA==</latexit>

{xi,yi}Ii=1

<latexit sha1_base64="dfENBjZWeBDHyQgIldnakspAK9o=">AAACBnicbVDLSsNAFJ34rPUVdSlCsAiuSiJFXRbduHBRwT4gCWUymTRDJ5kwcyOU0pUbf8WNC0Xc+g3u/BsnbRbaemCYwzn3cu89QcaZAtv+NpaWV1bX1isb1c2t7Z1dc2+/o0QuCW0TwYXsBVhRzlLaBgac9jJJcRJw2g2G14XffaBSMZHewyijfoIHKYsYwaClvnl063EagesFgodqlOjPy2LmSTaIwe+bNbtuT2EtEqckNVSi1Te/vFCQPKEpEI6Vch07A3+MJTDC6aTq5YpmmAzxgLqapjihyh9Pz5hYJ1oJrUhI/VKwpurvjjFOVLGirkwwxGreK8T/PDeH6NIfszTLgaZkNijKuQXCKjKxQiYpAT7SBBPJ9K4WibHEBHRyVR2CM3/yIumc1Z3zeuOuUWtelXFU0CE6RqfIQReoiW5QC7URQY/oGb2iN+PJeDHejY9Z6ZJR9hygPzA+fwAZyJmL</latexit>

L [�] Returns a scalar that is smaller 
when model maps inputs to 
outputs better
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Training

• Loss function:

• Find the parameters that minimize the loss:

<latexit sha1_base64="dfENBjZWeBDHyQgIldnakspAK9o=">AAACBnicbVDLSsNAFJ34rPUVdSlCsAiuSiJFXRbduHBRwT4gCWUymTRDJ5kwcyOU0pUbf8WNC0Xc+g3u/BsnbRbaemCYwzn3cu89QcaZAtv+NpaWV1bX1isb1c2t7Z1dc2+/o0QuCW0TwYXsBVhRzlLaBgac9jJJcRJw2g2G14XffaBSMZHewyijfoIHKYsYwaClvnl063EagesFgodqlOjPy2LmSTaIwe+bNbtuT2EtEqckNVSi1Te/vFCQPKEpEI6Vch07A3+MJTDC6aTq5YpmmAzxgLqapjihyh9Pz5hYJ1oJrUhI/VKwpurvjjFOVLGirkwwxGreK8T/PDeH6NIfszTLgaZkNijKuQXCKjKxQiYpAT7SBBPJ9K4WibHEBHRyVR2CM3/yIumc1Z3zeuOuUWtelXFU0CE6RqfIQReoiW5QC7URQY/oGb2iN+PJeDHejY9Z6ZJR9hygPzA+fwAZyJmL</latexit>

L [�] Returns a scalar that is smaller 
when model maps inputs to 
outputs better

<latexit sha1_base64="xKCkVHPMbZlPS6XRxAf2oJtIcZs="></latexit>

�̂ = argmin
�

h
L [�]

i
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Example:  1D Linear regression loss function

<latexit sha1_base64="/hMh896NPSehdG/Bg07J5FjBuSo="></latexit>

L[�] =
IX

i=1

(f[xi,�]� yi)
2

=
IX

i=1

(�0 + �1xi � yi)
2

Loss function:

“Least squares loss function”
37



Example: 1D Linear regression training

This technique is known as gradient descent 38



39

Why do we need a loss function in 
deep learning?

Please download and install the Slido 
app on all computers you use

ⓘ Start presenting to display the poll results on this slide.



Loss functions

• Maximum likelihood
• Recipe for loss functions
• Example 1:  univariate regression
• Example 2:  binary classification
• Example 3:  multiclass classification
• Other types of data
• Multiple outputs
• Cross entropy
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Maximum Likelihood Estimation

• In statistics, maximum likelihood estimation (MLE) is a method of 
estimating the parameters of an assumed probability distribution, 
given some observed data. 
• This is achieved by maximizing a likelihood function so that, under the 

assumed statistical model, the observed data is most probable.

41



How do we do this?

• Model predicts output y given input x

42



How do we do this?

• Model predicts output y given input x
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How do we do this?

• Model predicts output y given input x
• Model predicts a conditional probability distribution:

   over outputs y given inputs x.
• Define and minimize a loss function that makes the outputs have high 

probability

<latexit sha1_base64="0mryyZJNvwRC/ELK5bncNAZe/8Y="></latexit>

Pr(y|x)
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How can a model predict a probability 
distribution? è Parametric Models
1. Pick a known distribution (e.g., normal distribution) to model output y 

with parameters 
 e.g., the normal distribution

2.  Use model to predict parameters    of probability distribution
<latexit sha1_base64="VhcSfedKJAmm7Hk8ez5AJ9hTnr0="></latexit>

✓

<latexit sha1_base64="VhcSfedKJAmm7Hk8ez5AJ9hTnr0="></latexit>

✓
<latexit sha1_base64="fuZW1quo5PPoqM6jniErbZ+1qlA="></latexit>

✓ = {µ,�2}
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Maximize the joint, conditional probability

•We know we picked a good model and the right parameters 
when the joint conditional probability is high for the 
observed (e.g. training) data.

Pr 𝑦#, 𝑦$, … , 𝑦% 𝑥#, 𝑥$, … , 𝑥%)
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Two simplifying assumptions

Pr 𝑦#, 𝑦$, … , 𝑦% 𝑥#, 𝑥$, … , 𝑥%) =K
!&#

%

Pr 𝑦! 𝑥!)

Identically distributed (the form of 
the probably distribution is the same 
for each input/output pair)

Independent 

Independent and identically distributed (i.i.d) 47



Maximum likelihood criterion
<latexit sha1_base64="7mr1QUEuuofibXjI6egoym0oeHA="></latexit>

�̂ = argmax
�

"
IY

i=1

Pr(yi|xi)

#

= argmax
�

"
IY

i=1

Pr(yi|✓i)

#

= argmax
�

"
IY

i=1

Pr(yi|f[xi,�])

#

When we consider this probability as a function of the 
parameters 𝜙, we call it a likelihood.

𝜃*are the parameters of the 
probability distribution

𝜙 are the parameters of the 
neural network, e.g.

𝜃1 = f[x1 , 𝜙]

48



Problem:

• The terms in this product might all be small, 0 ≤ Pr ⋅ ≤ 1
• The product might get so small that we can’t easily represent it in 

fixed precision arithmetic

<latexit sha1_base64="cV60uOWAdFLGj2E7xzIddRa2vpA="></latexit>

�̂ = argmax
�

"
IY

i=1

Pr(yi|f[xi,�])

#

= argmax
�

"
log

"
IY

i=1

Pr(yi|f[xi,�])

##

= argmax
�

"
IX

i=1

log
h
Pr(yi|f[xi,�])

i#
.

49



The log function is monotonic

Maximum of the logarithm of a function is in the same place as maximum of function 
51



Maximum log likelihood
<latexit sha1_base64="cV60uOWAdFLGj2E7xzIddRa2vpA="></latexit>

�̂ = argmax
�

"
IY

i=1

Pr(yi|f[xi,�])

#

= argmax
�

"
log

"
IY

i=1

Pr(yi|f[xi,�])

##

= argmax
�

"
IX

i=1

log
h
Pr(yi|f[xi,�])

i#
.

Now it’s a sum of terms, so doesn’t matter so much if the terms are small 
52



Minimizing negative log likelihood

• By convention, we minimize things (i.e., a loss)
<latexit sha1_base64="YYPdSblfErEamlr68Ud09EngZAU="></latexit>

�̂ = argmax
�

"
IX

i=1

log
h
Pr(yi|f[xi,�])

i#

= argmin
�

"
�

IX

i=1

log
h
Pr(yi|f[xi,�])

i#

= argmin
�

h
L[�]

i

53



Inference

• But now we predict a probability distribution
• We need an actual prediction (point estimate)
• Find the peak of the probability distribution (i.e., mean for normal)

)𝑦 = 𝜇̂ = 	argmax
2

[Pr 𝑦 𝐟 𝐱, 𝜙 )]]

54
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Which of the following is true about 
MLE?

Please download and install the Slido 
app on all computers you use

ⓘ Start presenting to display the poll results on this slide.



Loss functions

• Maximum likelihood
• Recipe for loss functions
• Example 1:  univariate regression
• Example 2:  binary classification
• Example 3:  multiclass classification
• Other types of data
• Multiple outputs
• Cross entropy

56



Recipe for loss functions

57



Recipe for loss functions
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Recipe for loss functions
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Recipe for loss functions
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Let’s apply this recipe to

• Example 1: Real valued univariate regression

• Example 2: Binary Classification

• Example 3: Multiclass Classification
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Loss functions

• Maximum likelihood
• Recipe for loss functions
• Example 1:  univariate regression
• Example 2:  binary classification
• Example 3:  multiclass classification
• Other types of data
• Multiple outputs
• Cross entropy
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Example 1: univariate regression
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Example 1:  univariate regression

• Predict scalar output:
• Sensible probability distribution: 

• Normal distribution

<latexit sha1_base64="qnWtp5AC6bjVzWxDT8S09MRwyzM="></latexit>

y 2 R

<latexit sha1_base64="sL5nmFJHMlFiWTdFxaDUKnbUrJg="></latexit>

Pr(y|µ,�2) =
1p
2⇡�2

exp


� (y � µ)2

2�2

�
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Example 1:  univariate regression

<latexit sha1_base64="VrHufIDtMmytgQ3rO/QqNtGUel4="></latexit>

Pr(y|f[x,�],�2) =
1p
2⇡�2

exp


� (y � f[x,�])2

2�2

�

<latexit sha1_base64="sL5nmFJHMlFiWTdFxaDUKnbUrJg="></latexit>

Pr(y|µ,�2) =
1p
2⇡�2

exp


� (y � µ)2

2�2

�

In this case, 
just the mean

Just learn the mean, 𝜇, and assume the variance is fixed,.
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Example 1:  univariate regression

<latexit sha1_base64="r2Iwry2CQ7n2YOuZTj49M3VUwAI="></latexit>

L[�] = �
IX

i=1

log
⇥
Pr(yi|f[xi,�],�

2)
⇤

= �
IX

i=1

log


1p
2⇡�2

exp


� (yi � f[xi,�])2

2�2

��

66
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Least squares!

74

You’ll fill in the details in Homework 3:

• Log of products is sum of logs
• Log of exp() cancels each other out
• Ignore constants in minimization



Least squares Negative log likelihood
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Least squares Maximum likelihood
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Example 1:  univariate regression

<latexit sha1_base64="VrHufIDtMmytgQ3rO/QqNtGUel4="></latexit>

Pr(y|f[x,�],�2) =
1p
2⇡�2

exp


� (y � f[x,�])2

2�2

�

)𝑦 = 𝜇̂ = f x	 𝜙]	

Full distribution:

Max probability:
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Estimating variance

• Perhaps surprisingly, the variance term disappeared:

<latexit sha1_base64="aHuoPscj2Z815iPb8W4FNF9TVlE="></latexit>

�̂ = argmin
�

"
�

IX

i=1

log


1p
2⇡�2

exp


� (yi � f[xi,�])2

2�2

��#

= argmin
�

"
�

IX

i=1

log


1p
2⇡�2

�
� (yi � f[xi,�])2

2�2

#

= argmin
�

"
�

IX

i=1

� (yi � f[xi,�])2

2�2

#

= argmin
�

"
IX

i=1

(yi � f[xi,�])
2

#

<latexit sha1_base64="aHuoPscj2Z815iPb8W4FNF9TVlE="></latexit>

�̂ = argmin
�

"
�

IX

i=1

log


1p
2⇡�2

exp


� (yi � f[xi,�])2

2�2

��#

= argmin
�

"
�

IX

i=1

log


1p
2⇡�2

�
� (yi � f[xi,�])2

2�2

#

= argmin
�

"
�

IX

i=1

� (yi � f[xi,�])2

2�2

#

= argmin
�

"
IX

i=1

(yi � f[xi,�])
2

#
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Estimating variance

• But we could learn it during training:

• Do gradient descent on both model parameters, 𝜙, and the variance, 
𝜎$

<latexit sha1_base64="E5+GWtmfcZ5Kje8LwYnATBKiZGE="></latexit>

�̂, �̂2 = argmin
�,�2

"
�

IX

i=1

log


1p
2⇡�2

exp


� (yi � f[xi,�])2

2�2

��#

45
46

  and 45
47!

79

We will explore gradient descent on functions in discussion and 
future homework.



Heteroscedastic regression
• We were assuming that the noise 𝜎$	 is the same everywhere 

(homoscedastic).
• But we could make the noise a function of the data x.
• Build a model with two outputs:

<latexit sha1_base64="kn9X4YyDUenmJKUupmvsIKEO10c="></latexit>

µ = f1[x,�]

�2 = f2[x,�]
2

<latexit sha1_base64="KribwO0fDthbO9vnjIKk9cIKugA="></latexit>

�̂ = argmin
�

"
�

IX

i=1

log

"
1p

2⇡f2[xi,�]2

#
� (yi � f1[xi,�])2

2f2[xi,�]2

#

80

Squared to ensure it is 
positive



Heteroscedastic regression

81

fixed 𝜎



Example 1: Univariate Regression Takeaways

• Least squares loss is a good choice assuming normal 
distribution
• The best prediction is the predicted mean
•We can also estimate global or local variance

82



Loss functions

• Maximum likelihood
• Recipe for loss functions
• Example 1:  univariate regression
• Example 2:  binary classification
• Example 3:  multiclass classification
• Other types of data
• Multiple outputs
• Cross entropy

83



Example 2: binary classification

• Goal: predict which of two classes                     the input x belongs to
<latexit sha1_base64="J3iZPT/BVwwEf4+Q/EnM8wb0PkE="></latexit>

y 2 {0, 1}
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Example 2: binary classification

• Domain:
• Bernoulli distribution
• One parameter 𝜆 ∈[0,1]

<latexit sha1_base64="J3iZPT/BVwwEf4+Q/EnM8wb0PkE="></latexit>

y 2 {0, 1}

<latexit sha1_base64="kRV8JplHis0yqCBAl2IsH7b+iW4="></latexit>

Pr(y|�) =
(
1� � y = 0

� y = 1

<latexit sha1_base64="/aVTVSs1fk/51RXaxw/ITuMfGpY=">AAAWsHi </latexit>

Pr(y|�) = (1� �)1�y · �y

85

or



Example 2: binary classification

Problem:  
• Output of neural network can be anything
• Parameter 𝜆 ∈[0,1]

Solution:
• Pass through function that maps 

“anything” to [0,1]

86



Example 2: binary classification

Problem:  
• Output of neural network can be anything
• Parameter 𝜆 ∈[0,1]

Solution:
• Pass through logistic sigmoid function that 

maps “anything to [0,1]:
<latexit sha1_base64="cEBsoaGM91tCikWnUnGU0f7MPEY="></latexit>

sig[z] =
1

1 + exp[�z]

87



Example 2: binary classification

<latexit sha1_base64="/aVTVSs1fk/51RXaxw/ITuMfGpY="></latexit>

Pr(y|�) = (1� �)1�y · �y

<latexit sha1_base64="cTn9peUHYNLwMDH/7yKgjvAolDo="></latexit>

Pr(y|x) = (1� sig[f[x|�]])1�y · sig[f[x|�]]y
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Example 2: binary classification

89



Example 2: binary classification

<latexit sha1_base64="r8wCCtH5baT7zRf3bg6T8z25xnQ="></latexit>

L[�] =
IX

i=1

�(1� yi) log [1� sig[f[xi|�]]]� yi log [sig[f[xi|�]]]

<latexit sha1_base64="cTn9peUHYNLwMDH/7yKgjvAolDo="></latexit>

Pr(y|x) = (1� sig[f[x|�]])1�y · sig[f[x|�]]y

Also called binary cross-entropy loss as it is result 
from cross-entropy loss calculation – discussed later. 90



Example 2: binary classification

Choose y=1 where 𝜆 is greater than 0.5, otherwise 0
And we get a probability estimate! 91



92

Which statement correctly differentiates 
least squares and cross-entropy loss?

Please download and install the Slido 
app on all computers you use

ⓘ Start presenting to display the poll results on this slide.



Example 2: Binary Classification Takeaways

• Binary cross entropy loss as the loss function
• Threshold to get prediction
• We also get a probability or “confidence value”

93



Loss functions

• Maximum likelihood
• Recipe for loss functions
• Example 1:  univariate regression
• Example 2:  binary classification
• Example 3:  multiclass classification
• Other types of data
• Multiple outputs
• Cross entropy

94



Example 3: multiclass classification

Goal: predict which of K classes                               the input x belongs to
<latexit sha1_base64="GSGPcImi1ciGGhHW2fLWnYaackk="></latexit>

y 2 {1, 2, . . . ,K}
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Example 3: multiclass classification 

<latexit sha1_base64="GSGPcImi1ciGGhHW2fLWnYaackk="></latexit>

y 2 {1, 2, . . . ,K}• Domain:
• Categorical distribution
• 𝐾 parameters 𝜆) ∈[0,1]
• ∑) 𝜆) = 1

<latexit sha1_base64="wkZVy6msPPhDWd+7pvcT9pUqMdo="></latexit>

Pr(y = k) = �k
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Example 3: multiclass classification 

Problem:  
• Output of neural network can be anything
• Parameters 𝜆! ∈[0,1], sum to one

Solution:
• Pass through function that maps “anything” 

to [0,1] and sums to one

<latexit sha1_base64="xYlXKujSVnmf73jV6IHiusCjE6s="></latexit>

softmaxk[z] =
exp[zk]PK

k0=1 exp[zk0 ]

<latexit sha1_base64="NH7nWzSRjgRCDl2OVYhzzjLgSho="></latexit>

Pr(y = k|x) = softmaxk[f[x,�]]
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Example 3: multiclass classification

<latexit sha1_base64="NH7nWzSRjgRCDl2OVYhzzjLgSho="></latexit>

Pr(y = k|x) = softmaxk[f[x,�]]
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Example 3:  multiclass classification

<latexit sha1_base64="1BeeKFuEjQzkdT8EhSwfnXpMSZU="></latexit>

L[�] = �
IX

i=1

log [softmaxyi [f [xi,�]]]

= �
IX

i=1

fyi [xi,�]� log

"
KX

k=1

exp [ fk [xi,�]]

#

<latexit sha1_base64="xYlXKujSVnmf73jV6IHiusCjE6s="></latexit>

softmaxk[z] =
exp[zk]PK

k0=1 exp[zk0 ]

*Multiclass cross-entropy loss* 99



Example 3:  multiclass classification

0

1.0

1 2 3

Choose the class with the largest probability
We also get probability or “confidence”

100



Loss functions

• Maximum likelihood
• Recipe for loss functions
• Example 1:  univariate regression
• Example 2:  binary classification
• Example 3:  multiclass classification
• Other types of data
• Multiple outputs
• Cross entropy

101



Other 
data types
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Other Distributions

𝑦 ∈ 	ℝ Robust Regression𝑦 ∈ 	ℝ Regression 𝑦 ∈ 	ℝ Multimodal Regression 𝑦 ∈ 	ℝ! Predict Magnitude

𝑦 ∈ [0,1]Predict Proportions 𝑦 ∈ (−𝜋, 𝜋]Predict Directions 𝑦 ∈ [0,1,2,… ]Predict Event Counts

Gaussian Laplace Mixture of Gaussians Gamma

Beta Von Mises Poisson

103



Loss functions

• Maximum likelihood
• Recipe for loss functions
• Example 1:  univariate regression
• Example 2:  binary classification
• Example 3:  multiclass classification
• Other types of data
• Multiple outputs
• Cross entropy

104



Multiple outputs
• Treat each output 𝑦*  as independent:

 where 𝐟*[𝐱, 𝜙] is the 𝑑+,  set of network outputs

• Negative log likelihood becomes sum of terms:

<latexit sha1_base64="RWhPeTWEOuRIxOzWnR6wUxKHsnQ="></latexit>

Pr(y|f[xi,�]) =
Y

d

Pr(yd|fd[xi,�]),

<latexit sha1_base64="WeDYdl7zLaqaeYEgt57O0Kn3T1Y="></latexit>

L[�] = �
IX

i=1

log
h
Pr(y|f[xi,�])

i
= �

IX

i=1

X

d

log
h
Pr(yid|fd[xi,�])

i

105
𝑑#$output of the 𝑖#$ training example



Example 4: multivariate regression
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Example 4: multivariate regression

• Goal:  to predict a multivariate target
• Solution treat each dimension independently

• Make network with 𝐷- outputs to predict means

<latexit sha1_base64="BNkHogQk9/53BQqqaGqLacwOs9o="></latexit>

y 2 RDo

<latexit sha1_base64="o+2LGl4kKW0aeanAyF5BUHeCgUc="></latexit>

Pr(y|µ,�2) =
DoY

d=1

Pr(yd|µd,�
2)

=
DoY

d=1

1p
2⇡�2

exp


� (yd � µd)2

2�2

�

<latexit sha1_base64="A2QNqhFYSuqkkU4QcQafdVuO218="></latexit>

Pr(y|f[x,�],�2) =
DoY

d=1

1p
2⇡�2

exp


� (yd � fd[x,�])2

2�2

�
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Example 4: multivariate regression

• What if the outputs vary in magnitude
• E.g., predict weight in kilos and height in meters
• One dimension has much bigger numbers than others

• Could learn a separate variance for each…
• …or rescale before training, and then rescale output in opposite way

108



Loss functions

• Maximum likelihood
• Recipe for loss functions
• Example 1:  univariate regression
• Example 2:  binary classification
• Example 3:  multiclass classification
• Other types of data
• Multiple outputs
• Cross entropy

109



Cross-entropy loss

• So far we defined loss functions that minimize negative log-likelihood.

• Cross-entropy loss is common in neural network training.

• We can show that it is equivalent to negative log-likelihood

110

One can approach problems from different mathematical 
formulations.



Information Theory and Entropy
• Claude Shannon: the "father of information theory," was an 

American mathematician, electrical engineer, and 
cryptographer

• Theory of Communication: In his landmark 1948 paper, "A 
Mathematical Theory of Communication," Shannon introduced 
a formal framework for the transmission, processing, and 
storage of information.

• Information Theory: Quantified information, allowing for the 
measurement of information content in messages, which is 
crucial for data compression, error detection and correction, 
and more.

• Concept of Information Entropy: introduced entropy as a 
measure of the uncertainty or randomness in a set of possible 
messages, providing a limit on the best possible lossless 
compression of any communication.

111

𝐻 𝑥 = −:
)

𝑃 𝑥 	log/(𝑃 𝑥 )	



Entropy for a Binary Event

112

𝐻 𝑥 = −:
)

𝑃 𝑥 	log/ 𝑃 𝑥 = −𝑝 log/ 𝑝 − 1 − 𝑝 log/(1 − 𝑝)

𝑥 ∈ {0,1}

Peaks at 50/50.

True with a 
probability of 𝑝



Entropy is a measure of surprise or uncertainty on 
average

113

Randomly pick a ball from the box

Low or High Entropy? Low or High Entropy?

Bo
x 

A

Bo
x 

B

In class poll: https://piazza.com/class/mkkiwlgx1413pj/post/23 

https://piazza.com/class/mkkiwlgx1413pj/post/23
https://piazza.com/class/mkkiwlgx1413pj/post/23


Connection to Deep Learning
Cross-Entropy Loss
• If a neural network predicts (0.25, 0.25, 0.25, 0.25) for four possible 

classes, high entropy → uncertain.
• If it predicts (0.99, 0.01, 0, 0), low entropy → confident.

Regularization & Overfitting
• A high-entropy model makes diverse predictions → good for 

exploration.
• A low-entropy model could be overconfident → might overfit.

114
“Raise the temperature in LLMs.”



Cross Entropy – Concept from Information Theory

Kullback-Leibler Divergence -- a measure between probability distributions
115

Measures the difference between the empirical distribution, 𝑞 𝑦 ,  and a 
model distribution, Pr(𝑦|𝜃) .

𝑞(𝑦) 𝑃𝑟(𝑦|𝜽)



Empirical Distribution – Collection of samples

116

𝑞(
𝑦)

Each sample represented by a shifted Dirac delta 
function.

9𝛿[𝑥 − 𝑥!]𝑑𝑥 = 1

9𝑓[𝑥]	𝛿[𝑥 − 𝑥!]	𝑑𝑥 = 𝑓[𝑥!]

So we say empirical distribution is

𝑞 𝑦 =
1
𝐼
E
"#$

%

𝛿[	𝑦 − 𝑦"]

which will be helpful formulation in a moment.

𝑦



Kullback-Leibler (KL) divergence
How much a model distribution, 𝑄, is different from a true probability 
distribution, 𝑃.

𝐷FG[𝑞 𝑧 ∥ 𝑝 𝑧 ] = Y𝑞 𝑧 log
𝑞(𝑧)
𝑝(𝑧)

𝑑𝑧

= Y
HI

I
𝑞(𝑧) 	𝑙𝑜𝑔[𝑞 𝑧 ]𝑑𝑧 − 𝑞 𝑧 𝑙𝑜𝑔[𝑝(𝑧)]𝑑𝑧

117KL Divergence: 0.4431Interactive Colab Notebook 

https://colab.research.google.com/github/DL4DS/sp2025_homeworks/blob/main/lecture_collateral/kl_divergence.ipynb


Derivation

118

Training dataset as collection of 
Dirac delta functions.



Derivation
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Training dataset as collection of 
Dirac delta functions.

Minimize KL divergence.



Derivation

120

1st term not dependent on 𝜃.

Training dataset as collection of 
Dirac delta functions.

Minimize KL divergence.



Derivation
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1st term not dependent on 𝜃.

Substituting	for	𝑞(𝑦).

Training dataset as collection of 
Dirac delta functions.

Minimize KL divergence.



Derivation

122

1st term not dependent on 𝜃.

Substituting	for	𝑞(𝑦).

Property of the Dirac delta function.

Training dataset as collection of 
Dirac delta functions.

Minimize KL divergence.



Derivation

123

1st term not dependent on 𝜃.

Substituting	for	𝑞(𝑦).

Property of the Dirac delta function.

⁄$ % is just a constant, so ignore.

Training dataset as collection of 
Dirac delta functions.

Minimize KL divergence.



Derivation

124

1st term not dependent on 𝜃.

Substituting	for	𝑞(𝑦).

Property of the Dirac delta function.

⁄$ % is just a constant, so ignore.

Model is predicting 𝜃 è  Negative Log Likelihood!!

Training dataset as collection of 
Dirac delta functions.

Minimize KL divergence.



Recap

• Reconsidered loss functions as fitting a parametric probability model
• Introduced Maximum Likelihood criterion for finding parameters to 

making the training data most probably under that model
• Introduced a 4-step recipe for (1) picking a suitable parametric 

probability distribution, (2) defining the model to pick one or more of 
the parameters, (3) training the model and (4) doing inference
• Derived loss functions for univariate regression, binary and multiclass 

classification
• Briefly reviewed parametric probability models for other types of data
• Discussed how this is the same as Cross Entropy from Information 

Theory

126



Minimizing Negative Log Likelihood
(or equivalently KL Divergence)

127

!𝜙 = argmin
#

−+
$%&

'

log Pr y$ f x$, 𝜙 ) 	

 =	argmin
#

𝐿 𝜙



Recipe for loss functions
1. Choose a suitable probability distribution Pr 𝐲 𝜽  that is defined over 

the domain of the predictions 𝐲 and has distribution parameters 𝜽.
2. Set the machine learning model 𝐟[𝐱, 𝜙] to predict one or more of these 

parameters so 𝜽 = 𝐟[𝐱, 𝜙] and Pr 𝐲	 𝐟[𝐱, 𝜙]).
3. To train the model, find the network parameters 5𝜙 that minimize the 

negative log-likelihood loss function over the training dataset pairs 
{𝐱0 , 𝐲0}:

5𝜙 = 	 argmin
1

𝐿 𝜙 = argmin
1

−?
023

4

log Pr y0 f x0 , 𝜙 ) 	

4. To perform inference for a new test example 𝑥, return either the full 
distribution Pr 𝐲	 𝐟[𝐱, 𝜙]) or the maximum of this distribution.
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Next up

•Now let’s find the parameters that give the smallest 
loss
•è Training the model

129



Feedback?

130

https://forms.gle/pXHM5nx1Ti9aFmpw6 

Lecture Feedback

https://forms.gle/pXHM5nx1Ti9aFmpw6

