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• Univariate regression problem (one output, real value)
• Fully connected network

Recap: Regression
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Recap: 1D Linear regression loss function

<latexit sha1_base64="/hMh896NPSehdG/Bg07J5FjBuSo="></latexit>

L[�] =
IX

i=1

(f[xi,�]� yi)
2

=
IX

i=1

(�0 + �1xi � yi)
2

Loss function:

“Least squares loss function”
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Recap: 1D Linear regression training

This technique is known as gradient descent 4



Shallow neural networks

• 1D regression model is obviously limited
• Want to be able to describe input/output that are not lines
• Want multiple inputs
• Want multiple outputs

• Shallow neural networks 
• Flexible enough to describe arbitrarily complex input/output mappings
• Can have as many inputs as we want
• Can have as many outputs as we want
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This lecture we’ll cover…

• Example network, 1 input, 1 output
• Universal approximation theorem
• More than one output
• More than one input
• General case
• Number of regions
• Terminology
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1D Linear Regression

<latexit sha1_base64="NTIf4aNnvrpa8DwPTFP8Igh9dpg="></latexit>

y = f[x,�]

= �0 + �1a[✓10 + ✓11x] + �2a[✓20 + ✓21x] + �3a[✓30 + ✓31x]

<latexit sha1_base64="ktj2B8/mNFNy1ioPnb0sW2wRwtY="></latexit>

y = f[x,�]

= �0 + �1x

Example shallow network

7



Example shallow network
<latexit sha1_base64="NTIf4aNnvrpa8DwPTFP8Igh9dpg="></latexit>

y = f[x,�]

= �0 + �1a[✓10 + ✓11x] + �2a[✓20 + ✓21x] + �3a[✓30 + ✓31x]
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Example shallow network
<latexit sha1_base64="NTIf4aNnvrpa8DwPTFP8Igh9dpg="></latexit>

y = f[x,�]

= �0 + �1a[✓10 + ✓11x] + �2a[✓20 + ✓21x] + �3a[✓30 + ✓31x]

Activation function
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Example shallow network
<latexit sha1_base64="NTIf4aNnvrpa8DwPTFP8Igh9dpg="></latexit>

y = f[x,�]

= �0 + �1a[✓10 + ✓11x] + �2a[✓20 + ✓21x] + �3a[✓30 + ✓31x]

<latexit sha1_base64="y0cLbshKv4qJCV4w9pssY+07HPg="></latexit>

a[z] = ReLU[z] =

(
0 z < 0

z z � 0
.

Rectified Linear Unit
(one type of activation function)

Activation function
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Example shallow network
<latexit sha1_base64="NTIf4aNnvrpa8DwPTFP8Igh9dpg="></latexit>

y = f[x,�]

= �0 + �1a[✓10 + ✓11x] + �2a[✓20 + ✓21x] + �3a[✓30 + ✓31x]

<latexit sha1_base64="y0cLbshKv4qJCV4w9pssY+07HPg="></latexit>

a[z] = ReLU[z] =

(
0 z < 0

z z � 0
.

Rectified Linear Unit
(particular kind of activation function)

Activation function
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Inactive
region

Active
region



Example shallow network
<latexit sha1_base64="NTIf4aNnvrpa8DwPTFP8Igh9dpg="></latexit>

y = f[x,�]

= �0 + �1a[✓10 + ✓11x] + �2a[✓20 + ✓21x] + �3a[✓30 + ✓31x]

This model has 10 parameters:

• Represents a family of functions
• Parameters determine a particular function
• Given the parameters, we can perform inference (evaluate the equation)
• Given training dataset 
• Define loss function             (least squares)
• Change parameters to minimize loss function

<latexit sha1_base64="y6CteYpwmjXgAuxju3nLWkvzGug="></latexit>

� = {�0,�1,�2,�3, ✓10, ✓11, ✓20, ✓21, ✓30, ✓31}

<latexit sha1_base64="aYKJls3gxo4H7A6/dQhUn1+H0GU=">AAACFHicbVDLSsNAFJ3UV62vqEs3g0UQlJJIUTdC0Y3uKtgHNDFMppN26OTBzEQsIR/hxl9x40IRty7c+TdO0gjaemCGc8+9l3vvcSNGhTSML600N7+wuFRerqysrq1v6JtbbRHGHJMWDlnIuy4ShNGAtCSVjHQjTpDvMtJxRxdZvnNHuKBhcCPHEbF9NAioRzGSSnL0AyuxfCSHrpfcp05C08OfcJyHVvafmeltcpU6etWoGTngLDELUgUFmo7+afVDHPskkJghIXqmEUk7QVxSzEhasWJBIoRHaEB6igbIJ8JO8qNSuKeUPvRCrl4gYa7+7kiQL8TYd1VltrGYzmXif7leLL1TO6FBFEsS4MkgL2ZQhjBzCPYpJ1iysSIIc6p2hXiIOMJS+VhRJpjTJ8+S9lHNPK7Vr+vVxnlhRxnsgF2wD0xwAhrgEjRBC2DwAJ7AC3jVHrVn7U17n5SWtKJnG/yB9vEN+gCgCA==</latexit>

{xi,yi}Ii=1
<latexit sha1_base64="dfENBjZWeBDHyQgIldnakspAK9o=">AAACBnicbVDLSsNAFJ34rPUVdSlCsAiuSiJFXRbduHBRwT4gCWUymTRDJ5kwcyOU0pUbf8WNC0Xc+g3u/BsnbRbaemCYwzn3cu89QcaZAtv+NpaWV1bX1isb1c2t7Z1dc2+/o0QuCW0TwYXsBVhRzlLaBgac9jJJcRJw2g2G14XffaBSMZHewyijfoIHKYsYwaClvnl063EagesFgodqlOjPy2LmSTaIwe+bNbtuT2EtEqckNVSi1Te/vFCQPKEpEI6Vch07A3+MJTDC6aTq5YpmmAzxgLqapjihyh9Pz5hYJ1oJrUhI/VKwpurvjjFOVLGirkwwxGreK8T/PDeH6NIfszTLgaZkNijKuQXCKjKxQiYpAT7SBBPJ9K4WibHEBHRyVR2CM3/yIumc1Z3zeuOuUWtelXFU0CE6RqfIQReoiW5QC7URQY/oGb2iN+PJeDHejY9Z6ZJR9hygPzA+fwAZyJmL</latexit>

L [�]
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Example shallow network

<latexit sha1_base64="cYzac95S8rmoV6yZxLSHjL3VtpU="></latexit>

y = �0 + �1a[✓10 + ✓11x] + �2a[✓20 + ✓21x] + �3a[✓30 + ✓31x].
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Example shallow network

Piecewise linear functions with three joints

<latexit sha1_base64="cYzac95S8rmoV6yZxLSHjL3VtpU="></latexit>

y = �0 + �1a[✓10 + ✓11x] + �2a[✓20 + ✓21x] + �3a[✓30 + ✓31x].
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Hidden units

<latexit sha1_base64="4mwMW+AxXHfhTyI/kaVAw9s5G24="></latexit>

y = �0 + �1h1 + �2h2 + �3h3

Break down into two parts:

where:

Hidden units

<latexit sha1_base64="OexYJKlfph/YpHs7sx68KlEAH9c="></latexit>

h1 = a[✓10 + ✓11x]

h2 = a[✓20 + ✓21x]

h3 = a[✓30 + ✓31x]

<latexit sha1_base64="cYzac95S8rmoV6yZxLSHjL3VtpU="></latexit>

y = �0 + �1a[✓10 + ✓11x] + �2a[✓20 + ✓21x] + �3a[✓30 + ✓31x].
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1. compute three 
linear functions

Linear
Functions
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<latexit sha1_base64="6yInH/eKr6BVR1p+osf4KbjHrPs="></latexit>

h1 = a[✓10 + ✓11x]

h2 = a[✓20 + ✓21x]

h3 = a[✓30 + ✓31x],

2. Pass through ReLU 
functions (creates 

hidden units)

Linear
Functions

After
Activation
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2. Weight the hidden 
units

After
Activation

Weight the
Hidden units
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4. Sum the weighted 
hidden units to create 

output

<latexit sha1_base64="4mwMW+AxXHfhTyI/kaVAw9s5G24="></latexit>

y = �0 + �1h1 + �2h2 + �3h3

Weight the
hidden units

Sum the weighted 
hidden units

19



<latexit sha1_base64="cYzac95S8rmoV6yZxLSHjL3VtpU="></latexit>

y = �0 + �1a[✓10 + ✓11x] + �2a[✓20 + ✓21x] + �3a[✓30 + ✓31x].

Example shallow network = piecewise linear functions
1 “joint” per ReLU function

Example: 3 different shallow networks

20



Activation pattern = which hidden units are activated

Shaded region:
• Unit 1 active
• Unit 2 inactive
• Unit 3 active

21



Depicting neural networks

<latexit sha1_base64="4mwMW+AxXHfhTyI/kaVAw9s5G24="></latexit>

y = �0 + �1h1 + �2h2 + �3h3

<latexit sha1_base64="OexYJKlfph/YpHs7sx68KlEAH9c="></latexit>

h1 = a[✓10 + ✓11x]

h2 = a[✓20 + ✓21x]

h3 = a[✓30 + ✓31x]

Each parameter multiplies its source and adds to its target
22



Depicting neural networks
Usually don’t show the bias terms

<latexit sha1_base64="4mwMW+AxXHfhTyI/kaVAw9s5G24="></latexit>

y = �0 + �1h1 + �2h2 + �3h3

<latexit sha1_base64="OexYJKlfph/YpHs7sx68KlEAH9c="></latexit>

h1 = a[✓10 + ✓11x]

h2 = a[✓20 + ✓21x]

h3 = a[✓30 + ✓31x]
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Shallow neural networks

• Example network, 1 input, 1 output
• Universal approximation theorem
• More than one output
• More than one input
• General case
• Number of regions
• Terminology

24



With 3 hidden units:

<latexit sha1_base64="GTMey3nznlpmn4PVpDS172U4Y8s="></latexit>

hd = a[✓d0 + ✓d1x]

<latexit sha1_base64="VOjV5fHfEnHrCMyzG9o2bUpFioE="></latexit>

y = �0 +
DX

d=1

�dhd

<latexit sha1_base64="4mwMW+AxXHfhTyI/kaVAw9s5G24="></latexit>

y = �0 + �1h1 + �2h2 + �3h3

<latexit sha1_base64="OexYJKlfph/YpHs7sx68KlEAH9c="></latexit>

h1 = a[✓10 + ✓11x]

h2 = a[✓20 + ✓21x]

h3 = a[✓30 + ✓31x]

With D hidden units:

25



With enough hidden units…

… we can describe any 1D function to arbitrary accuracy

26



Universal approximation theorem

“a formal proof that, with enough hidden units, a shallow 
neural network can describe any continuous function in        to 

arbitrary precision”

<latexit sha1_base64="K4U1ZHkglIR02KHQbhLTcSGE2II="></latexit>

RD

27



Shallow neural networks

• Example network, 1 input, 1 ouput
• Universal approximation theorem
• More than one output
• More than one input
• General case
• Number of regions
• Terminology

28



Two outputs 

• 1 input, 4 hidden units, 2 outputs
<latexit sha1_base64="R8vqOAXY+V+odbvKA1u5ta3TLRI="></latexit>

h1 = a[✓10 + ✓11x]

h2 = a[✓20 + ✓21x]

h3 = a[✓30 + ✓31x]

h4 = a[✓40 + ✓41x]

<latexit sha1_base64="Pl766mATi6i7yjrijGrQ4B2+SCU="></latexit>

y1 = �10 + �11h1 + �12h2 + �13h3 + �14h4

y2 = �20 + �21h1 + �22h2 + �23h3 + �24h4
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Two outputs 

• 1 input, 4 hidden units, 2 outputs
<latexit sha1_base64="R8vqOAXY+V+odbvKA1u5ta3TLRI="></latexit>

h1 = a[✓10 + ✓11x]

h2 = a[✓20 + ✓21x]

h3 = a[✓30 + ✓31x]

h4 = a[✓40 + ✓41x]

<latexit sha1_base64="Pl766mATi6i7yjrijGrQ4B2+SCU="></latexit>

y1 = �10 + �11h1 + �12h2 + �13h3 + �14h4

y2 = �20 + �21h1 + �22h2 + �23h3 + �24h4
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Two outputs 

• 1 input, 4 hidden units, 2 outputs
<latexit sha1_base64="R8vqOAXY+V+odbvKA1u5ta3TLRI="></latexit>

h1 = a[✓10 + ✓11x]

h2 = a[✓20 + ✓21x]

h3 = a[✓30 + ✓31x]

h4 = a[✓40 + ✓41x]

<latexit sha1_base64="Pl766mATi6i7yjrijGrQ4B2+SCU="></latexit>

y1 = �10 + �11h1 + �12h2 + �13h3 + �14h4

y2 = �20 + �21h1 + �22h2 + �23h3 + �24h4

31



Shallow neural networks

• Example network, 1 input, 1 ouput
• Universal approximation theorem
• More than one output
• More than one input
• General case
• Number of regions
• Terminology

32



Two inputs

• 2 inputs, 3 hidden units, 1 output
<latexit sha1_base64="s0UUuQl8ojalO49HAr3NW0dwfYA="></latexit>

h1 = a[✓10 + ✓11x1 + ✓12x2]

h2 = a[✓20 + ✓21x1 + ✓22x2]

h3 = a[✓30 + ✓31x1 + ✓32x2]

<latexit sha1_base64="4mwMW+AxXHfhTyI/kaVAw9s5G24="></latexit>

y = �0 + �1h1 + �2h2 + �3h3
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34

Linear
Functions



35

Linear
Functions

After
Activation
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After
Activation

Weight the
Hidden units



37

Weight the
hidden units

Sum the weighted 
hidden units



Convex polygonal 
regions

38

A region of ℝ! is convex if we can 
draw a straight line between any 
two points on the boundary of the 
region without intersecting the 
boundary in another place.



Fitting a dataset where:
each sample has 2 inputs and 1 output 

<latexit sha1_base64="bhUrd52vj8mM9aesL3p+GlHvyac="></latexit> O
u
t
p
u
t
,
y

<latexit sha1_base64="Nhy2+PWdsa8Gas+5nVN6kmQqXXI="></latexit>

Input, x2
<latexit sha1_base64="y5iCZag0tm0U1J5r3+/H8z+KE1Q="></latexit>

Input, x1
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• For the 2D case, what if there were two outputs?
• If this is one of the outputs, what would the other one look like?

Question:

40



Shallow neural networks

• Example network, 1 input, 1 ouput
• Universal approximation theorem
• More than one output
• More than one input
• General case
• Number of regions
• Terminology

41



Arbitrary inputs, hidden units, outputs

• 𝐷!  inputs, D hidden units, and 𝐷"	Outputs
<latexit sha1_base64="eu7R9HxZr4T2SlEuSDpbPsp4ww0="></latexit>

hd = a

"
✓d0 +

DiX

i=1

✓dixi

# <latexit sha1_base64="iQ/nJ5VzZC6VgnR5+vmegEip1K8="></latexit>

yj = �j0 +
DX

d=1

�jdhd

• e.g., Three inputs, three hidden units, two outputs

42



Question:

• How many parameters does this model have?
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How many 
hidden units?

44



Output with boundaries and in 3D

45



How would you draw and write this neural network?
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Inputs

Output

Neurons

“neural network”
<latexit sha1_base64="4mwMW+AxXHfhTyI/kaVAw9s5G24="></latexit>

y = �0 + �1h1 + �2h2 + �3h3

<latexit sha1_base64="s0UUuQl8ojalO49HAr3NW0dwfYA="></latexit>

h1 = a[✓10 + ✓11x1 + ✓12x2]

h2 = a[✓20 + ✓21x1 + ✓22x2]

h3 = a[✓30 + ✓31x1 + ✓32x2]

How would you draw and write this neural network?
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Shallow neural networks

• Example network, 1 input, 1 ouput
• Universal approximation theorem
• More than one output
• More than one input
• General case
• Number of regions
• Terminology

49



Number of output regions
• In general, each output consists of mult-dimensional convex polytopes
• With two inputs, and three hidden units, we saw there were seven 

polygons for each output:

50

Polytope -- Wikipedia
In elementary geometry, a polytope 
is a geometric object with flat sides 
(faces). Polytopes are the 
generalization of three-dimensional 
polyhedra to any number of 
dimensions. Polytopes may exist in 
any general number of dimensions 
n as an n-dimensional polytope or 
n-polytope.

https://en.wikipedia.org/wiki/Polytope


Example with 𝐷 = 𝐷! à 2"! regions

1 input (1-dimension) with 1 
hidden unit creates two 

regions (one joint)

2 input (2-dimensions) with 2 
hidden units creates four 

regions (two lines)

3 inputs (3-dimensions) with 3 
hidden units creates eight 

regions (three planes)

51

𝐷"  : # of inputs
𝐷  : # of hidden units
𝐷# : # of outputs



• Number of regions created by D > 𝐷! hyper-planes in 𝐷! dimensions 
was proved by Zaslavsky (1975) to be:

• How big is this?  It’s greater than 2#!but less than 2#.

Number of regions:

<latexit sha1_base64="K7k+Z+5xCN14scF9lTipkuFEJZg="></latexit>

DiX

j=0

✓
D

j

◆
Binomial coefficients!

52

= !!
#! !$# !

𝐷"  : # of inputs
𝐷  : # of hidden units
𝐷# : # of outputs



Number of output regions

• In general, each output consists of D dimensional convex polytopes
• How many?

Highlighted point = 500 hidden units or 51,001 parameters
53

𝐷"  : # of inputs
𝐷  : # of hidden units
𝐷# : # of outputs



Shallow neural networks

• Example network, 1 input, 1 ouput
• Universal approximation theorem
• More than one output
• More than one input
• General case
• Number of regions
• Terminology
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Nomenclature
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Nomenclature

• Y-offsets = biases
• Slopes = weights
• Everything in one layer connected to everything in the next = fully connected network (multi-layer 

perceptron) 
• No loops = feedforward network
• Values after ReLU (activation functions) = activations
• Values before ReLU = pre-activations
• One hidden layer = shallow neural network
• More than one hidden layer = deep neural network
• Number of hidden units ≈ capacity

56



Other activation functions

57



We have built a model that can:
• take an arbitrary number of inputs
• output an arbitrary number of outputs
• model a function of arbitrary complexity between the two

Regression

<latexit sha1_base64="eu7R9HxZr4T2SlEuSDpbPsp4ww0="></latexit>

hd = a

"
✓d0 +

DiX

i=1

✓dixi

# <latexit sha1_base64="iQ/nJ5VzZC6VgnR5+vmegEip1K8="></latexit>

yj = �j0 +
DX

d=1

�jdhd
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Next time:
• What happens if we feed one neural network into another neural 

network?

59

Feedback? Link

https://docs.google.com/forms/d/e/1FAIpQLSep8ThqLupjjyf4Uos5ChIuK8P-GrhEW5Im67vNzD8m8iNtMA/viewform

