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Today's Plan

e Recap: Shallow Neural Networks
e Deep Neural Networks

1 live demo / preview at the end of each section.



Recap: Shallow Neural Networks

Yy = ¢o + p1al010 + O112] + 22|20 + O217] + P3a|030 + O317].
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Recap: Rectified Linear Unit as Default Activation Function

The discontinuity (bend) in the activation function shapes the hidden layer outputs.

5.0

0 z <0
a|z] = ReLU|[z]| = {z S0

RelLU[z]

(a very common activation function)




Recap: Depicting Neural Networks

hl = a:910 —+ 911213:
ho = alflag + 6212 Y = Qo + ¢1h1 + O2h2 + @O3h3
hs = albs0 + 0312
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Each parameter multiplies its source and adds to its target.
Usually we will skip drawing one / bias nodes.



Recap: Universal Approximation

With enough hidden units, we can describe any 1D function to arbitrary accuracy...
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Recap: Shallow Neural Networks

Fitting a dataset where each sample has 2 inputs and 1 output.

ol = Go+@1h1+P2ho+@3h3




Live Demo

e WIP reproducing the universal approximation example
o  Start whipping this up yesterday afternoon.
o  Not quite working.
o But some informative failures to share.



Deep neural networks

® Composing two networks

® Combining the two networks into one
® Hyperparameters

® Notation change and general case

® Shallow vs. deep networks



Composing two networks.

hy = a[910 —+ 911.1’:
Network ho = alf0 + 0212 Y = ¢o + O1h1 + P2ha + P3h3
L hs = alf39 + 0312

hll = a[@’w + ‘9/113/:
Network /2 = a[9’20 + 9§1y: y’ = ¢6 + Q5,1h/1 + Q5l2 /2 + ¢{%h{%
hg = a[‘%o + 9§1y:

e — e




Composing two networks: Example

Example: Pick parameters so that

Assume: x € [—1,1] maps to
. y € [—1,1] with alternating slope
e RelU Activation
e Slopes and Intercepts as shown'” 0
e 3 hidden units in each =
§_0_0
5
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Composing two networks: Example

Assume;
® RelLU Activation

® Slopes and Intercepts as
shown

® 3 hidden units in each

Let’s see what happens
when we map
=ty SN

Example: Pick parameters so that

x € [—1,1] maps to

y € [—1,1] with alternating slope
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Folding analogy

é
/*
é

Output, y
Output, 3/
Output, 3/

Input, x Input, y Input, x
This makes the most sense to me if the first function goes from the minimum to the maximum and back...



Alternate Visualization
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Comparing to shallow with six hidden

units

( o (i, |

20 parameters
(at least) 9 regions

19 parameters
Max 7 regions

\%

}'LG



Composing networks in 2D




Deep neural networks

® Composing two networks

® Combining the two networks into one
® Hyperparameters

® Notation change and general case

® Shallow vs. deep networks



Combine two networks into one Z‘.t;h““ita

hy = a[910 -+ 911.%’:
Network ho = alf0 + 0212 Y = ¢o + O1h1 + P2ha + P3h3
hs = alf39 + 0312

hll — a[‘9/10 + ‘9/113/:
yetwork hy = alfgy + 05,y Y = ¢y + O Ry + Pohh + Phhs
' hg = a[‘%o + 9§1y:

Hidden units of second network in terms of

first:
hi= alfip+01yl = a[fig+ 01160 + 01191h + 011 P2k + 011 3h3]
hy = allhy+05y] = alb+ 60500+ 05,01h1 + 05, ¢02hs + 05 P3hs
hy = allzg +03y] = albsg + 05,00 + 03,01h1 + 05,020 + 05, d3hs]



Create new variables: Y (psi) 0 : theta

¢ : phi
Y : psi
hy= allo+01yl = alfy+ 0100 + 01,01k 4 01 Paho + 01, 3hs]
hy = alfyy+05y] = a[b + 05,00 + 05 p1h1 + 03 d2ho + 05, ¢3hs)
hy = alfs +03y] = alfzy + 0500 + O3101h1 + 03, P2ha + 05, ¢3hs]

1 = a[th1o + Y11h1 + Y12he + P13hs
b = afthog + Ya1h1 + Paohs + Poshs
5 = althsg + ¥31h1 + P32he + P33hs




0 : theta

Two-layer network ¢ : phi
Y : psi

hi = alfi0 + 0z hy = a[th10 + Y111 + 12ha + P13hs3

ha = alflao + 0217 hy = afthag + Pa1ha + Pazha + aghs

hs = a|ll30 + 317 hy = a[hso + Ys1ho + Yazha + Ysshs

Y =+ @1y + dohs + dihy




6 : theta

Two-layer network as one equation ¢ : phi
Y : psi

hy = a0 + 0117 hy = a[h10 + Y11h1 + Yi2hs + Yi3hs

ho = alfag + 0212 ho = a[thoo + 21h1 + haoha + Pa3hs

hs = alf30 + 0312 hé = a0 + Y31h1 + P32he + Y33hs

Y =+ @1y + dohs + dihy

y' = ¢p + dlaio + Y11alf10 + O11x] + Y10allag + O212] + 113a[030 + O317]
+ poalihag + Pa1alf10 + O112] + Yo2a[f20 + O212] 4 ezabzg + O31]]
+ ¢salihso + 31alf10 + O112] + ¥32a[f20 + O212] + 33a[030 + O312]]



Remember shallow network with two
outputs?

® 1 input, 4 hidden units, 2 outputs

Y1 = @10 + ¢11h1 + P12he + d13hs + 1404
O30 + 931x: Y2 = P20 + P21h1 + Pa2ho + P23h3 + Poshy




Networks as composing functions

hi = alfp + 0112 hy = a[i0 + Y11ha1 + Yi2hs + Y13l
ho = a[fag + Oo12 ho = al[tho + ParhT + 12z F Pashs
hs = a[f3g + 0312 hs = a[tzg + 31hy + Yazhe + P33hs

Consider the pre-activations at the second hidden units
At this point, it’s a one--layer network with three outputs




Networks as composing functions

hi = alfp + 0112 hy = a[i0 + Y11ha1 + Yi2hs + Y13l
ho = a[fag + Oo12 ho = al[tho + ParhT + 12z F Pashs
hs = a[f3g + 0312 hs = a[tzg + 31hy + Yazhe + P33hs

Consider the pre-activations at the second hidden units
At this point, it’s a one--layer network with three outputs




Let’s walk through example activations
starting with pre-activations to the 2" layer.



2" Layer
Pre-ac

20+ 12111 +2pagha+1Pashs

-1.0
0.0

Y10+ Y111 +P12ho +113hs
1.0 2.00.0

1.0

2.0 0.0

Y30 +131h1 +1P3aha+13303
1.0

Like a shallow network with three hidden units and three

outputs.

2.0



2" Layer
. Pre-activations

2" Layer

£

Activations

0 b) <)
0.0
10 Vro+Y11h1 +Y12he +10130s Vo0 +1P21h1 +2Paghe +1Pazhs Y30+1Y31h1 +32he +1P33hs
0.0 1.0 2.0 0.0 1.0 2.0 0.0 1.0 2.0
e) f)
1.0
0.0
hy = hy = hy =
; a[Y10+1Y11h1 +Y12ho +1P13hs) atha0+121hi +1asha+1ashs]| 1also+1s1h1+132he+133h3)
1. - - -
0.0 1.0 2.00.0 1.0 2.00.0 1.0

2.0



2" Layer

2" Layer Weighted

d) e) f)
1.0
.
.90,0
©
'E / / /
< = hy = hy =
a[t10+vY11h1 +12ha+10130s] a[thoo+121h1 +1asha+1ashs]| 1also+1s1h1+132ho+133h3)
-1.0 - - -
0.0 1.0 2.00.0 1.0 2.00.0 1.0 2.0
g) h) 1)
1.0
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0.0 1.0 2.0
Input,



Deep neural networks

® Composing two networks

® Combining the two networks into one
® Hyperparameters

® Notation change and general case

® Shallow vs. deep networks



Hyperparameters

* K layers =
D, hidden units per layer =

* These are called ' * — chosen before training the
network
* Can try retraining with different hyperparameters —
, or hyperpa e e
* This can be either manual or automated (e.g. Hyperparameter Tuning with
Ray Tune)




Deep neural networks

® Composing two networks

® Combining the two networks into one
® Hyperparameters

® Notation change and general case

® Shallow vs. deep networks



Propose 3 notation changes to be
able to generalize to arbitrary
deep neural networks.



Notation change #1

hi = a[tho + 6112
he = alfp + 021
hs = alf3g + 0312

hy = a[th10 + Y1171 + Y12hs + P13hs3
hi = a[thag + 21h1 + Pashs + Pashs
h4 = alzo + ¥31h1 + PY32ho + P33hs3

y' = ¢ + ¢1hh + dhhy + Phhy



Notation change #1

Vector Notation
hy = a[010 + 01156: hq 010 011
ho = alfag + 212 ho| =a | |0x]| + |01
h3 = 3[930 + 931$i h3 (930 031

hy = a[th10 + Y1171 + Y12hs + P13hs3
hi = a[thag + 21h1 + Pashs + Pashs
h4 = alzo + ¥31h1 + PY32ho + P33hs3

y' = ¢ + ¢1hh + dhhy + Phhy



Notation change #1

Vector Notation
hy = a[010 + 01156: hq 010 011
ho = alfag + 212 ho| =a | |0a]| + [621]
h3 = 3[930 + 931$i h3 (930 031
h:1 = a[p10 + Y11h1 + P12h2 + ¢13h3; b W10 Vi1 e i3] [ha
hy = a[thag + YPa1h1 + Paoho + 1Pashs, Ll =a | |voo| + Y21 o2 hosz| |ha
hy = aliso + s1h1 + Ps2hae + Y3zhs hs Y30 Y31 Y32 P33| |h3

Vector & Matrix Notation



Notation change #1

hi = a[tho + 6112

hy
hg = a[ezo + 921.’17: h2
hs = alf3g + 0312

hs

6010
a 020
030

(911
+ 921 X
031

hy = a[th10 + Y1171 + Y12hs + P13hs3

: hi Y10 i1 Y12 Yiz| [
hy = afthao + P21h1 + aoha + Yazhs ol =a | || + |21 22 ol |he
hy = aftzo + ¥31h1 + Ysahe + 33hs h’ V30 W3o Y32 Y33 | |hs

hy
y' = ¢n + ¢y + drhy + dihy v =¢o+ (oL ¢ b5 [hjz]
h3



Notation Reminder
x,1 : normal lower case -- scalar
x, Y : bold face lower case -- vector

NOtatlon Change #2 X, W : bold face upper case -- matrix

hy 010 011
hao| =a | |020]| + |021
hs 030 031

hi 10 Y11 Y2 Yiz| [
hol =a | [V + (Y21 Y22 o3| |ho
hy Y30

Y32 Y32 33| |ha

hi

y' =+ [0 @y oh] |h y' =¢'o+dH
hy

] h = a[0, + 6x]

h' = a[, + Ph]




w : omega
Q) : Omega

Notation change #3

h=al|0,+ 0z h, = a|3, + Qx|

h' =aly,+ Ph hy = a[8; + Q1hy

y=¢,+ ¢'h’ y = B9 + Q2hy



w : omega
Q) : Omega

Notation change #3

~_ ]
h=alf,+ 0x h, = a8, + Qox|
h' =afy, + ¥h h, = a[3, + Q1hy

y= ¢+ ¢'h y = B2 + 2hy



General equations for deep network

h1 = aﬂo + Q()X]
hy = a|3; + Q21h,]
h; = a[3, + Q2h,]

hg =a|Bx_ 1+ Qg _1hg 1
y = Br +Qrhg,

y =Bk +Qka|Bx_1 + Qx_1al... B, + a8, + Qa8 + Qox]]...]



Example

0y € RY3 Ome% 0, € R3*2

Hidden Hidden Hidden
layer, h; layer. ho layer, hy
D.,j — : .D1 — 4 D‘g — 2 D;‘% — 5 D(, — 2

Output, y



Deep neural networks

® Composing two networks

® Combining the two networks into one
® Hyperparameters

® Notation change and general case

® Shallow vs. deep networks



Shallow vs. deep networks

The best results are created by deep networks with
many layers.

O 50-1000 layers for most applications

O Best results in
m Computer vision
m Natural language processing
m Graph neural networks
m Generative models _ Alluse deep networks.
m Reinforcement learning But why?




Shallow vs. deep networks

1. Ability to approximate different functions?
Both obey the universal approximation theorem.

Argument: One layer is enough, and for deep networks could arrange
for the other layers to compute the identity function.



Shallow vs. deep networks

2. Number of linear regions per parameter



Number of linear regions per parameter

a) é Input dimension D; =1
8 i @ K =4
.9
& 10
—
(V. z)
= 2
o . K=l1
N 10 1
=
-} .
=
10° _
0 500 1000

Number of parameters

5 layers
10 hidden units per layer
471 parameters
161,501 linear regions



Number of linear regions per parameter

a) § Input dimension D; =1
2 L K=4
9
& 10° -
| .

Y
o
| -
L 107
£
=
=
10°4

50 1000
Number of parameters

5 layers
10 hidden units per layer
471 parameters
161,501 linear regions

b) 10® Input dimension D; = 10
7)) V
S 1 o K =4
2 ’
)
—_ -
Y
o
b | /g e
[}
al
- i
=
=
10° ————————py
0 10000 20000

Number of parameters

5 layers
50 hidden units per layer
10,801 parameters
>10%0 linear regions



Shallow vs. deep networks

2. Number of linear regions per parameter

® Deep networks create many more regions per parameters

® But there are dependencies between them

O Think of folding example
O Perhaps similar symmetries in real-world functions? Unknown



Shallow vs. Deep Networks

3. Depth efficiency

® There are some functions that require a shallow network with exponentially more
hidden units than a deep network to achieve an equivalent approximation

® This is known as the depth efficiency of deep networks

® But do the real-world functions we want to approximate have this property?
Unknown.



Shallow vs. Deep Networks

4. Large structured networks

e Think about images as input — might be 1M pixels

e Fully connected works not practical

e Answer is to have weights that only operate locally, and share across image

e This leads to convolutional networks

e Gradually integrate information from across the image — needs multiple layers



Shallow vs. Deep Networks

5. Fitting and generalization

® Fitting of deep models seems to be easier up to about 20 layers

® Then needs various tricks to train deeper networks, so (in vanilla form), fitting
becomes harder

® Generalization is good in deep networks. Why?



Shallow vs. Deep Networks

5. Fitting and generalization

® Fitting of deep models is also faster

Figure 20.2 MINIST-1D training. Four 100_ 1 hidden layer

fully connected networks were fit to 4000 - 2 hidden layers

MNIST-1D examples with random labels o | - 3 :!dde” layers
: : . ru idden layers

using full batch gradient descent, He ini- O

tialization, no momentum or regulariza- C -

tion, and learning rate 0.0025. Mod- £ o

els with 1,2,3,4 layers had 298, 100, 75, I_o :

and 63 hidden units per layer and 15208, o

15210, 15235, and 15139 parameters, re- O.

spectively. All models train successfully, 0 ' ) Est C'h ' 500K
but deeper models require fewer epochs. P



Tensorﬂow Playg rou nd Example? Do you ever get stuck in local minima?

Are you getting the expected number of

e Try 2 inputs, 3 hidden units, 1 output

regions?
e You can inspect and/or edit weights and biases
O Epoch Learning rate Activation Regularization Regularization rate Problem type
4

000,000 0.03 ~  RelU - None - 0 - Classification
DATA FEATURES + — 1 HIDDEN LAYER OUTPUT
Which dataset do Which properties do Test loss 0.402
you want to use? you want to feed in? i - Training loss 0.447

3 neurons

Ratio of training to
test data: 80%

—

Noise: 0

Batch size: 30

— o

REGENERATE

Colors shows
[ -
data, neuronand ! )

0 1

weight values

playground.tensorflow.org

Show testdata  [[] Discretize output



https://playground.tensorflow.org/

Where are we going?

® \We have defined families of very flexible networks that map multiple inputs to
multiple outputs
® Now we need to train them
O How to choose loss functions for different types of targets (Read Ch. 5)
O How to find minima of the loss function

O How to do this efficiently with deep networks

® Then how do we evaluate them?



Reading

e Understanding Deep Learning, Chapter 5

e “Deep Learning” by Yann LeCun, Yoshua Bengio, Geoffrey Hinton
o https://www.nature.com/articles/nature14539



https://www.nature.com/articles/nature14539

Next Week

e Loss Functions



Feedback?




